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Outline:

* description of the queueing system
* algorithm for the stationary distribution
 stationary sojourn times

* concluding remarks
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System description:
«  MAP arrivals, (Do,D1 = D11 + D1,2) of order N
« PH service times, (f G) of order M
e queue capacity is r
* bi-level hysteretic control of arrivals is implemented

(L — low threshold, H — high threshold)
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Main performance measures of interest:
« joint stationary distribution of the system size, system mode
and the states of the background processes
« stationary sojourn times in different modes (moments,

distribution)
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Markov process: X (t) = (&(t);n(t): u(t):v(t))
. &(t) — MAP generation phase at time t,

n(t) — PH service phase at time t,
. () — system’s mode at time ¢,
. v(t) — number in the system at time t.

The state space: X = AyUX; UAS,

Xo = {(k,0,0):1<k<N}U
(k,0,n):1<k<NM,1<n<H-1},

={(k,1,n): 1<k<NM,L<n<r},

={(k,2,n): 1<E<NMH+1<n<r+1}.
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Notation:
o service of a customer after which the system becomes empty: P, = E ® g,
o service of a customer after which the system remains busy: P = P*=P# = E@f}"ﬁ
e arrival phase change when empty: Qg = Dy,
o arrival phase change when system is in the “normal” mode: Q =Do®@ E +E ® G,
o arrival phase change when in the “overload” mode: Q* = (Dg+ D12) @ E4+ E® G,

« arrival phase change when in the “blocking” mode: Q# = (Do + D) E+E® G,

o arrival of a customer to an empty system: Rg = D¢ ® f
o arrival of a customer to the system in the “normal” mode: R =D; ® E,

o arrival of a customer to the system in the “overload” mode: R* = Dy @ E.
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Stationary distribution of the original system:
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* Pk,m,n stationary probability of the state (k,m,n)
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Auxiliary matrix:

¢ [AZ]{?J} — P{X (T) — (:"' [}1 l)‘X (U) — (?1012)}* T = illf{t >0 'U(f) = 1}

Balance equations for the new system without queue:

0 = .oQo+aq1P;.
0 = gooRo+d.1Q+qi1RAs.

Due to the restricted Markov chains property these equations are

also valid for pp.o and po.1.

The balance equation for the boundary probabilities in the new

system with maximum queue-size 1 is:

0= @G.H—IR + @G.TIQ + [TD.HRAH—I—L 2 SN = L—2.
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When queue-size exceeds (H-1) one needs more matrices, which

record starting and stopping phases:

Gl =P{X (=G 2+ D X (1) ¢

_._'l

M
(k,1,H).

.

1

c(0,7)X(0)=(1,H+1)p, T=inf{t >0:v(t)=r+ 1},

_“’_Tf"

o [Dul,; = P{X(T) = (4,1, H)|X(0) = (¢,2,r + 1)}
T=inf{t > 0:v(t) = H},

NM

¢ [Baniloy =P{X (D=0 10X () ¢ J (10.L - 1),
te (0,7)X(0)= (1, H— 1)} T=inf{t > 0:v(t) = H}.

The balance equation for ¢; y in the new system with queue-size H:

0 = Gou 1R+ 5 Q" +P'By_1+R" (Au+1 +Gu+1Dn)).
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Final system of balance equations for p,... in the original system:

o O O O oo o oo o o oo

10,0Qo + po,1P1,

po.0Ro +p0,1Q + po.1RAs.

Pon—1R +00,Q+ 0o nRA, 1. 2=n <L -2,
po.L—2R + po.L—1Q + po..—1RA™,

Pon—1R +p0nQ +ponRA4, L<n<H -2,
po,H—2R + ponr-1Q,

po.i-1R+ 01 u(Q"+P'By_1+R*(Ay+1 + Gu+1Dn)).
PR "+ R°A G +01,Q° H+1<n<r—1,
PL—1R"+p1,Q",

p1,R* + P2 41Q7,

Pont1PT +02,Q7, H+1<n<r,

PP "+, P'Bo1+051,Q", L+1<n<H-1,
P11 P*+p1, Q"

Example of the system of equations for A,,. H+1<n<r:

A—T‘ =a" —I_.‘g*Ar:
A, = a’ + ,S*A-n + ’T*An—l—lAna H+1<n<r-1.
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First passage times from overload mode to normal mode:

[V”‘(ﬂ:)]“-j:’ - P{T < ‘T?X (T) — (:" 0 L — 1)|X(U) — (h 1: n‘)}a L <n< r,

T=inf{t >0:v(t)=L—1}.
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If n>H, then

time n—(L-1) = time n—>H + time H—>(L-1).

time n—>H = “time n—(n-1) without visiting (r+1)"+"“ime (n-1)—>H"
+ “time n—(r+1) without visiting (n-1)"4+"“ime (r+1)—>H".

Time H—>(L-1) = time H>(H-1) + time (H-1)—>(L-1).
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Concluding remarks:
 Generalization for overlapping hysteretic loops, several
incoming flows, multiple servers.
e 1Is it possible to extend the approach for two interconnected
systems each with hysteretic policy implemented?
* (from application side) behaviour of several interconnected
systems: what is the gain of hysteretic control of arrivals with

respect to other types of control?
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Thank you for your attention!



