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1 Introduction

Phase type (PH) distributions and Markovian arrival processes (MAP) are simple stochastic models
that enjoy a simple stochastic interpretation based on Markov chains. They are widely used in traffic
engineering because efficient numerical techniques are available for the solution of queueing models with
PH distributions and MAPs [1, 2, 3]. Matrix exponential (ME) distributions and processes (MEP) are
more general stochastic models than PH distributions and MAPs [4, 5]. They do not have a simple
stochastic interpretation and most of the methods applied to Markovian models cannot be directly
applied to them. Still, in recent years we have seen a growing interest in these models and several results
for queueing systems have been presented [6, 7, 8, 9].

To apply PH, ME distributions, MAPs and MEPs in stochastic models, we need good understanding
of their properties. In this paper we investigate issues regarding the moments of these distributions and
processes.

For what concerns ME distributions, a moment matching method is presented in [10] which is based
on a partial realization algorithm published in [11]. Due to these works the behaviour of the moments of

PH and ME distributions are known. In [12] a method is given to compute the order of a ME distribution
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based on different kinds of information on the probability distribution. In this paper, following a similar
methodology as the one used in [12], we investigate through simple examples the connection between
parameters (moments or derivatives of the cumulative density function) of the distribution and the
moment matching problem.

On the other hand, for MAPs and MEPs, it is not known which are those moments and joint moments
(we need joint moments because these are processes with correlated interarrival times) that determine
the process. In [13] a procedure is presented which constructs a MEP based on the moments of the
interarrival times and the lag-correlations. We show in this paper that these two sets of quantities do
not determine the MEP, i.e., it is possible to construct different MEPs that are identical from the point
of view of these parameters. In this paper we define a set of equations which relates the moments and
joint moments of a MEP and define a minimal set of moments and joint moments based on which it is
possible to determine any moment and joint moment of the process without knowing its representation.

The paper is organised as follows. Section 2 presents results for PH and ME distributions, while
Section 3 deals with MAPs and MEPs. We formulate the results for ME distributions and MEPs, but
they are directly applicable to PH distributions and MAPs as well. We conclude with Section 4.

2 DMatrix Exponential and Phase Type Distributions

2.1 Basic definitions

Let X be a continuous non-negative random variable with cumulative distribution function (cdf)
F(t)=Pr(X <t)=1-ael, (1)

where row vector « is referred to as the initial vector, square matrix A as the generator and 1 as the
closing vector. Without loss of generality (see [14]), we assume that the closing vector, I, is a column
vector of ones. When the cardinality of the vectors and the square matrix is n, X is referred to as
an order n matriz exponential distribution (ME(n)). As X is a continuous random variable, it has no
probability mass at zero, i.e., Il = 1. The density, the Laplace transform, the moments and the reduced

moments of X can be computed as

f(t) = aet (AT, 2

)
fi(s)=E(e™**) = a(s] = )7 (-A)L, 3)
pn = E(X") = nla(=A)""T, )

(
(
(4
(

rn=E(X")/n!=a(-A)7"T. 5)

In general, the elements of o and A may be arbitrary real numbers. If « is a probability vector and A
is the generator matrix of a continuous-time Markov chain, then X is an order n phase type distributed
(PH(n)). « is a probability vector when o; > 0 (Vi =1,...,n) and ol =1 and matrix A is a transient
Markovian generator when A;; <0 (Vi=1,...,n), A;; >0 (Vi,j=1,...,n,i#j), AT <0, AT # 0.

To ensure that f(¢) in (2) is a density function, A has to fulfill the necessary but not sufficient

condition that the real part of its eigenvalues are negative (consequently A is non-singular).



The vector together with the square matrix, (a, A), is referred to as the representation of the ME

(PH) distribution. In general, the («, A) representation is not unique.

Definition 1. An (a, A) representation is non-redundant if the cardinality of vector a and square
matriz A is equal to the degree of the denominator of f*(s) (when the numerator and denominator of

the function f*(s) are co-prime).

Throughout the paper we assume that the representations of ME (PH) distributions are non-

redundant.

2.2 Doubly infinite Hankel matrix

We define the doubly infinite Hankel matrix as

r—g T-3 T-—2 T-1 To

r—_3 T_—o T_1 To T1

r—1 To 1 e T3

To T1 T2 r3s T4

where 7; = a(—A)7'1.
For i > 0, r; is the ith reduced moment, while for i < 0, r; is related to the ith derivative of the cdf,
since the ith derivative of the cdf of the ME distribution given by a and A at t =0 is
d'F(t)
dtt |,_,

= AT = (1) a(-A)'T = (—1)" r_,.

Theorem 1. Under the non-redundant condition the rank of R is n.

Proof. R can be expressed as

a(—A)?
a(=A)!
R= a [ (AT (AT T (AT (-4

where the size of the first matrix is co x n and the size of the second matrix is n X co. As a consequence
the rank of R is at most n.

The n x n sub-matrix of R whose upper left element is r¢ is non-singular when («, A) is non-
redundant [10]. As a consequence the a(—A)% a(—A)71, ..., a(—A)""! row vectors as well as the
(=AM, (—=A)~,. .., (—A)~" T column vectors are linearly independent.

O



As a consequence of Theorem 1 the determinant of any (n + 1) x (n + 1) submatrix of R must be 0
which can be exploited to define a set of equations with the (known and unknown) elements of the r;

series as it will be discussed later.

2.3 Defining ME distributions based on their moments

Theorem 1 allows us to characterise the order n ME distributions based on their moments. To this end

we define the following properties of moment series. Since we consider continuous distributions, ro = 1

is given.
Definition 2. Suppose we are given a7, ,7i,, ..., 7, series such thati; <is < ... <1 andi; # 0,Vj €
{1,...,k}. Thery,riy,...,1i, Series is

e ALG(n) feasible, if there is a vector a and a matriz A of cardinality n for which r; = a(—A) ™1,

Vi € {i1,... i}, but there is no such vector and matriz of cardinality n — 1.

o ME(n) feasible, if ALG(n) feasible and there is a vector o and a matriz A for which 1 — ae*1 is
a valid cdf.

e PH(n) feasible, if ME(n) feasible and there is a probability vector o and a transient Markovian
generator matriz A for which r; = a(—A) 7', Vi € {i1,..., i}

The equivalence of the ME(2) and the PH(2) feasibilities is known and examples indicate that PH(n)
is a real subset of ME(n) for ng2, but the borders of these feasibility sets are hard open research problems
and are out of the scope of the present paper. Due to the lack of general results on feasibilities, the
statements are assigned with feasibility assumptions in this paper.

Having the ALG(n) feasible r;,,74,,...,7;, series, where 41 <y < ... <y, iy — i1 > 2n and i; # 0,
Viel,...,k

det (R{o,1,2,....n} {i,i+1,i42,....i4n}) = 0, i1 <1 <ip —2n (6)

provides a set of iy, —i1 —2n+ 1 equations with i; —i; — k unknowns. These equations are not necessarily
linear in the unknowns.

If £ < 2n — 1, then the number of unknowns is more than the number of equations, hence the
TiysTigs- -, Ti, Series can define infinitely many ME(n) distributions depending on the ME feasibility of
the moments.

If k = 2n — 1, then the number of unknowns equals to the number of equations, but at least one
equation is at least quadratic in at least one unknown. This set of polynomial equations has a finite
number of solutions among which there are ME(n) feasible and not ME(n) feasible series.

If k£ > 2n — 1, then there are more equations than unknowns. This allows us to check the ALG(n)
feasibility of the r;,,7i,,...,7;, series. If there is no solution for the set of equations the r;, ,7i,,..., 74,
series is not ALG(n) feasible.



2.4 Examples of application of (6)
Generation of the r; series of ME distributions

By R, ., where ¢; and cy are two sets of indices we denote the submatrix of R which consists of rows

according to ¢; and columns according to cs. For example,

T1 T3
Riisayqo2y = | 3 15
Ta Te

Theorem 1 and (6) defines the relations in the r; series. Based on these relations we can compose
an explicit algorithm to generate any element of the r; series of a ME(n) distribution based on the
70,71, - -, Tan—1 reduced moments without computing any representation of this distribution («,A).

Given the first 2n reduced moments, 7rg,71,...,79n_1, det (R{()’l,_”’n}7{0717._7”}) = 0 and
det (R{0,1,...,n},{71,0,1,...,n71}) = 0 give a single unknown linear equation for 79, and r_;, respectively.
Having determined rg, ..., r9n—14i, 1 >0, (74, ..., Tan—1, 1 <0) det (R{O,l,...,n},{j,j+1,...,j+n71}) = 0 with

j=1i+1 (j =i—1) gives a single unknown linear equation for ro,; (r,-1).

Non-unique PH(3) feasible solutions for k = 2n — 1

Assuming that
ro = 1,75, = r10 = 0.000295999, r;, = 199 = 6.9987 10_13,Ti3 =139 = 1.01758 10_23,

ri, =40 = 5.24414 10736 r; = rgo = 2.23015 10~49

15

the set of equations in (6) is composed of ix, — 2n + 1 = 45 equations with iy, — k = 45 unknowns. There
are several different solutions of this set of equations and there are more than one which are PH(3)

feasible. E.g., the moments of

ar=1]010207 | 0z = | 0586119 0.309469 0.104413] |
110 and ~251342 0 0.796945

Ai=| 0 —2 2 Ay = | 251342 —2.51342 0
0 -3 0 0927169 —0.927169

are solutions of (6) for this set of reduced moments. Table 1 lists the first reduced moments of the two
PH(3). The differences vanish for large moments, but the numerical value of the relative differences in
the last row of the table ((rgl) - 7*2(2)) /1"51)) indicates that the 71y reduced moments are identical while
the rg and 711 reduced moments are different. This periodicity of the moments remain valid forever,
i.e, all tenth moments of the two PH(3) remains identical. It is interesting to note that the probability
density function (pdf) of the two PH(3) exhibit a similar behaviour to that of the moments (see Figure
1). The two pdfs cross each others infinitely many times. Indeed, it implies that two PH(3) distributions

whose pdfs are identical in infinitely many points are not necessarily identical.

ot



r; 0. 1. 2. 3. 4. 5.
{ag, Ay} 1. 15 1.4875 1.03021 0.537956 0.224808
{ag, Ay} 1. 1.54536 1.50213 1.03248 0.538182 0.224824

i 6. 7. 8. 9. 10. 11.

{a1, A1} 0.0782855 0.0233666 0.00610259  0.00141671  0.000295999  0.000056222
{aa, A} 0.0782863 0.0233666 0.00610259  0.00141671  0.000295999  0.000056222
rel. diff. |-1.10324 1075 -1.51817 10~° -1.78306 10~ 7 -1.51422 108 -3.66286 10716 3.94147 10~1°

Table 1: The reduced moments of PH(3) {ay, A1} and {asg, A2}

Figure 1: Density function of PH(3) {a1, A1} and {2, A2} and their difference (f1(t) — fa(t))e?®¢

Fitting 3 reduced moments out of 5

Assume that we are given the first five reduced moments of a random variable and our aim is to
construct a PH distribution with two phases to approximate it. The five reduced moments are r; =
1, 7o = 1.25, r3 = 4.16, r4 = 104.16, r5 = 8333.3. A PH distribution with two phases is determined
by its first three reduced moments. However, we are not limited to use 71,72 and r3. For example, we
can choose to fit reduced moments 71,73 and r5. In order to obtain PH distribution with two phases
and reduced moments 71,73 and r5, we do the following. We assume that ri,r3 and r5 are reduced
moments of a PH distribution with two phases and we compute the first three reduced moments of this
distribution based on (6). Then the fitting is performed based on these first three reduced moments.
In the following table we report fittings which are different in the choice of the utilised three reduced
moments. In all the cases the mean is maintained and hence we have to choose two out of the four
remaining reduced moments. The reduced moments that are set are indicated with bold characters.
The reduced moments in the last row are chosen in such way that the sum of the relative errors in the

reduced moments, Z?:z |F; — 73| /r;, are minimal. The distribution determined by this reduced moment



set is referred to as opt.
o r3 T4 5
1.25 4.16  35.5903 371.817
1.25  6.31469 104.16 1990.25
1.25  9.3729 265.489 8333.3
1.09182 4.16 104.16 3353.48
1.05945 4.16  163.533 8333.3
1.01543 2.27679 104.16 8333.3
1.03826 3.22754 126.341 7047.53

In Figure 2 the pdf of the different fitted distribution are depicted. The legend indicates the reduced
moments that are fitted. The figure depicts the fitting with three phases as well which matches all the
five reduced moments. The logarithmic plot suggests that a better fitting of the lower moments results

in a better body fitting, while the better fitting of the higher moments results better tail fitting.
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Figure 2: Body and tail of pdf of different fittings

PH matching based on the derivatives of the cdf at zero

The continuous PH(2) distributions are uniquely defined by their first 3 reduced moments and [15]

proposes a way to compute an « probability vector and an A generator matrix based on these reduced

moments. We use this algorithm to create a “derivative matching” method for PH(2) distributions.
When the first three derivatives of the cdf of a PH(2) at t =0 are r_y =4, r_o = 17, r_3 = 76, we

use

r_s T_—o T_1 r—o T_1 To r—1 To T1
det | r—5 7_1 19 =0, det| r_—y 79 7m | =0, det| r9 71 7o [ =0
r-1 To ™ To T2 T T2 T3

and ro = 1 to obtain 71,72, 73. Solving the equations from left to right, the number of unknown is always

1, and the equations are linear in this unknown. The solution is

4 17 76

T 2T 9950 3T 3375



From 71,1y, 73 we obtain ([15]):

a=1[02 08], A=

-3 3
0 -5
An example of ME(3) feasibility check based on r_s,...,r3

One can perform a numerical ME(3) feasibility check based on the r_;,7_;11,...,75_;, 0 < j < 6, series

in three steps:
e compute the rg,r1,...,75 series using the determinants of the (n + 1) x (n + 1) submatrices of R,

e calculate a vector o and a matrix A based on rg,...,72,_1 such that r;, = a(—=A)7'1, (i =

0,1,...,2n — 1) using the procedure of [10],
e decide the non-negativity of f(t) = aet(—A)1L.

Starting from

24 0 6 1 3 7
T_a9 = — T_o = r_q1 = = T = T = — To = —
3 57 2 9 1 57 0 9 1 57 2 207
we can compute r3 = 5/24 using det (R{_37_27_170}7{071,273}) = 0, ry = 1/8 using

det (R{_Q,_1’071}7{0717273}) =0 and Ty = 3/40 using det (R{_1’07172}7{0,172,3}) =0.
Having rg, ..., r5 we compute o and A which are

152 7702 3962

9 225 225
111 395 631 341
a: —_— —_ —_— s A: [ — PR P
81 81 81
305 721 251
81 81 81

Then we plot f(t) = ae*(—A)T as shown in Figure 3. Assuming that one can decide the non-negativity

of f(t) based on Figure 3 we conclude that the given {r_s,r_1,70,r1,72,73} series is ME(3) feasible.

1.2 5 6 7 8 9 10

1 -8

0.8
10

0.6
-12

0.4
0.2 14
1 2 3 sz 16

Figure 3: The density function, f(t), and its tail on log-log scale

constructed from the {r_o,r_1,79,71, 72,73} series



3 Matrix Exponential and Markov Arrival Processes

3.1 Preliminaries

Let X (t) be a stationary arrival process, defined by matrices Ag and A, whose sequence of interarrival
times is X, X1,.... The joint density of Xg, X1,...,X,, is

f(@o, @1, .. ) = ae0T0 A e0T1 A eAoTm AT (7)
where « is the solution of a(—Ag)™*A; = a and ol = 1. Here again, without
loss of generality [14] we assume that the closing vector is I.  The marginal densities of
f(xo,@1,...,2m) can be obtained using [~ eA0”dx = (—Ag)~!. For example, f(zo,x2,23,...,2m) =

OZ@AOonl (—A()) 7114.1 eAozz A .. eAoTm A1
The cardinality of the square matrices Ag and A; is n. Similarly to the previous section, we consider

the following cases:

o If f(xo,z1,...,2m) > 0, Y m > 0 and V 21,%2,...,7, > 0 and
le fz flxo,z1,...,xp)dey...dxy, =1, ¥Ym >0, then X(¢) is a matrix-exponential process
of order n, MEP(n). MEP is identical to the rational arrival process defined in [4].

o If Ap is a transient Markovian generator matrix and A; > 0, then X (¢) is a Markov arrival process
of order n, MAP(n).

When X (t) is a MEP(n), it has the following properties:

e The stationary inter-arrival time distribution is matrix-exponential with parameters o and Ag.

Therefore, Aq fulfills the conditions of ME distributions provided in the previous section.

e Matrix G = (—Ap) 1A, governs the evolution of the initial vectors (aq, s, ...) starting from an

arbitrary initial vector (ay).

Assuming that the initial vector is «p the marginal distribution f(z1,z2,23,...,Ty) gives
a1 = apG and consequently «; = a;_1G.

— From the marginal distribution f(z¢, 21, %2,...,Zm—1) we have GT = 1.

—I=GI= (—Ao)_lAllI implies —Apl = A1

— If gl = 1, then T = GT also implies that a; T = apG*T = 1.

— If starting from any arbitrary o (satisfying apl = 1) the initial vectors (a1, ag,...) converge
to a, then matrix G has n eigenvalues on the unit disk and one of them is 1 (otherwise if

matrix G has an eigenvalue out of the unit disk then the «q, s, ... series diverge and if all

eigenvalues are on the unit disk, but two of them equal to 1 then lim;_, ., ; depends on «y).

When X (t) is a MAP(n), it has the following additional properties:

e The phases of the system at arrival epochs form a DTMC, which means that matrix G is a transition
probability matrix, or stochastic matrix, i.e., the elements of G are non-negative and the rows of

G sum up to 1.



e « is a probability vector.

The major differences of the MEP and the MAP cases are the following. In the case of MEPs the
row sum and the diagonal element of Ay can be positive, the elements of @ and G can be negative or
greater than one and A; can contain negative elements. However, the row sums of Ag+ A; must be zero
in both cases.

The pair of square matrices (Ag, A1) is referred to the representation of the MEP (MAP). In general,

the (Ap, A1) representation is not unique.

Definition 3. An (Ap, A1) representation of cardinality n is said to be non-redundant if the inter-arrival
time distribution defined by (Ao, A1) is a non redundant ME(n) distribution.

Throughout the paper we assume that the representations of MEPs (MAPs) are non-redundant.

Since the inter-arrival times have a ME(n) distribution with generator Ay and initial vector «, the
reduced moments of the inter-arrival times are (in accordance with (4)) r; = a(—Ag) 1, and the
results of the previous section are applicable to compute the relation of the elements of the r; series for
i={0,%+1,+2,...}.

The joint moment of the X, Xq,,...,Xq,, , inter-arrival times, where ap =0 < a; < a2 < ... <

am—1, can be computed as
E(X(Z)IXZfl e Xé:lfl) =« il!(—Ao)7i1Ga17a0’L'2!(—A0)7i2 e Gam_liam_zim!(—Ao)iim 1. (8)

To shorten the notation we introduce E = (—Ap)~! and

712612,71.?.77'1%;;%r,yL — Hm - E (Xél X]Zci o X]’i;n;‘,-...+k7n) = aE" sz Ei2 GksEza o ka E'm . (9)
j=1%"

We refer to the vl?zlzkmlm as reduced joint moments. Special cases of (8) include

e m=1,14 =1
BE(X}) =dla(—Ay) "I =~" =1,

21,225.-43tm

indicates that v, 2" is a generalisation of the reduced moment series. Since v* = r;, we use
s

11,225-43tm

the v; notation to emphasise the relation with other +,7**7" "™ quantities and the r; notation to

refer to the results of Section 2 in the remainder of the paper.
e m=2 a; =k, i, =iy =1: The joint mean,
E(XoXy) = a(—Ag) ' GF(=Ag) I =~} 1,
is the basic quantity to characterise the lag-k correlation of the process.
e m =2, a; = k: The joint moments of the inter-arrival times Xy and X,
E(XJ X)) = irligla(—Ag) " GF(—Ag) T2 T = iy lig! 4"

carries information about the joint distribution of the k-apart inter-arrival times. We refer to
E(X3X}) as lag-k quantities.

10



The following subsections extend the concept of a Hankel matrix to find the relation between the
various moments of the inter-arrival times of MEP(n)s. Similar to the ME distribution case, we present
methods to compute the relations between all possible reduced moments of the inter-arrival times without
computing any (Ag, A;) representation. We show that the first 2n—1 reduced moments of the inter-arrival
times, F(X{),1 <i < 2n— 1, and the first (n — 1)? lag-1 reduced moments, E(X;X7),1<i,j <n—1,
uniquely determine all other reduced moments of a non-redundant MEP (n), and we present an algorithm

for computing them.

3.2 Relation of reduced joint moments of a MEP(n) processes

Let
B 11,82, sTm 21582yl —1 11,225 stm—1+1 215225e-stm—1+n—1 7]
7k27---7k7n ,-Yk2a-~7k7n71 7k27---;k7n—1 k27~--7km71
o To r1 Tn—1
1yim
Km T1 T2 [N Tn
Ml(lh...,lm,k’g,...,k‘m): 24
Vi T2 T3 Tn+1
n—L,im
. Tn—1 Tn T2n—2
and
11,92 i i1,1 i1,n—1 ]
Vi v 71 e N
v To 1 Trn—1
1,io
"}/k_l T1 T2 e Tn
MQ(Zla’LQak): 2.is
'Yk7_1 T2 3 Tn41
n—l,ig
| Ve—1 Tn—1 Tn T2n—2 |
Theorem 2. Under the non-redundant condition the rank of My and Ms is n.
Proof.
Ml(ila"'aimyk%"'vkm) =
i aEn Gk g2 QFm-1 Fim-1 1
(6]
oF )
9 [kaEZm]I 1 E'T E®1 E"illﬂ ,
aF
O[Enfl

11



aB1G |
o
aF

MZ(i17i27k) = O[E2

[GF1ERT 1 Bl E*T ... E"M)

aEnfl

and the rest of the proof is the same as for Theorem 1. O

From Theorem 2, the equation
det(Mg(il,...,im,kg,...,km)) :0, EZLQ (10)

establishes the basic relation of the reduced joint moments of MEP(n)s. The upper left element of
Mi(it, ... im, ko, ..., km) and Msy(iy, 2, k) are the ones with the highest order and (10) gives an explicit

expression to compute these elements from the lower order reduced joint moments of the same process.

3.3 Computation of any reduced joint moment of MEP (n) processes

Assume that the parameters, ro =1, rp=~"for1<i<2n—1and fyi’j for 1 <i4,5 <mn —1 are known.

Our aim is to compute ’ykl’” ‘" with m > 1. This can be done by the iterative application of (10).
Based on M (i1,...,4m,ka,...,km), it is possible to obtain an explicit expression for 'y“’”’ ’f’" in
terms of

° 7711;12; Slm—1+7 0 <] <n_1

k2, km—1
° 'yi’::”,l <j<n-1,
e 77,1 <.

Then by constructing the matrices My (é1,...,%m—1 + J,k2,.-.,km—-1),0 < j < n — 1 we can obtain

explicit expressions for the quantities v, 1’12’ W1t 0 < < — 1 in terms of

km—1

.711127 lm2+]0<]<n_1

k27 )kﬁl 2

o TR I< i <n—1,0< )2 <n -1,

o 1<

11227 >tm

By repeating the above step finally we obtain an expression for 7, in terms of quantities such as

o ’Y]jg’lalgjénfla
o, 1<

Quantities such as v/ = rj,1 < j can be computed as described in Section 2. My (i1, 2, k) will be used
instead to deal with the quantities such as vi’i, 1 <j <n-—1. Based on (10), it is possible the construct

11,12

an explicit expression for ,'"** in terms of quantities such as

d ’yil’j71§j§n_1a

12



e Y2 1<j<n—1,
o 11,1 <.

Since 1 < 77 < n — 1, the quantities 711"7,1 < j < n —1 are assumed to be known, while 73',1 <jJ
can be computed as described in Section 2. In order to deal with 7%’121,0 < j < n—1 we construct

Ms(j,io, k —1),1 < j <n—1 from which we can have expressions for these quantities in term of
e M 1<jjp<n—1,
o 73 1<j<n—1,
e 1, 1< 5.
By successive application of the above step we obtain an expression for fyi’i, 1 <j7<n-—1Iin terms of
o Y 1<j<n—1,
o 1<

The quantities 'y{"i, 1 < j <n—1 can instead be computed by constructing the following special case of

the Ms(iy, 42, k) matrix.

My (iq,i2,1) = (11)
i i IR G P (i
aE" G A
¥*2 70 1 R
o
—
oFE _ 2 r1 re ... n
g |[EPT T EBTOEPT .. BN = _
@ iz t2 9 T3 ... Tpal
afbn1
I A O Y S S

Based on (11), it is possible to construct an explicit expression for 4" in terms of quantities that are
all known since 1 < ¢; < n — 1 or can be computed by the algorithm given in Section 2 and ’yi”ﬁ is

given for 1 < i1,io < n —1.

Application of the procedure for computing E(XZX>X3)

In the following we list the matrices that we need to compute 'ygll ! from which it is straightforward to
determine E(X3ZX2X3) as a function of the known parameters. We assume that n = 2 and hence the
matrices are of size 3 x 3 and we know 7i70 < ¢ <3 and 7%’1. All the matrices are used to obtain an
expression for the (1,1) entry of the matrix based on the fact that the determinant of the matrix must
be 0. In all the matrices bold characters are used to indicate the variables that we do not know yet.

vt vt 43t ot AR A S
me L2 = 7 " Y [ men=| 7 " Y e =| 7 "
Wty A A ot A
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1,1 1 1,1 1,2 1 1,1 1,2 1 1,1

V2 Y 71 Y2 vy 71 T vy 1
My(1,1,2)= | 7 2 | m@22)=| Y Y | a2y =| ¥ A

oyt A S A S oot 4P

Based on the above matrices and the facts that v* = 1 and +* = r; we have that

1
T (2 (31 (r2)* = (ro)*adt (12 + v e = 8(r2)?) +
1 — 12

()29 7 (200712 = bt = 402)2) + (r0)° (2612 = 298 M = (0)?) ) +

r1 (02 =) (2 (=392 ) + ()2 (3 72) ) 7 = () = 421)” ()2
( )

v

3.4 Defining MEP(n) based on their reduced joint moments

We have seen that the ro = 1, r;, 1 <17 < 2n — 1 reduced moments and the 'yi’j7 1<14,7 <n—1reduced
joint moments uniquely defines any reduced joint moment of a MEP(n). By this reason we define the

basic moment set as follows.

Definition 4. The basic moment set of a MEP(n) is the set of ro = 1, r;, 1 < i < 2n — 1 reduced

moments together with the ’yi’j, 1<14,7 <n—1 reduced joint moments.

The basic moment set is composed of n? moments and an additive constraint, 7o = 1.
Similar to Subsection 2.3, (10) provides a set of equations to determine the basic moment set of a
MEP(n) based on its arbitrary reduced joint moments. To investigate this set of equations we extend

the definitions of feasibility.

Definition 5. Suppose we are given a vi((?), 1 < ¢ < L, series where i(f) and k(¢) denote series of

01,99, - -, iy and ks, ..., ky, indezes, respectively. The ’yi((?), 1 < ¢ <L, series is

o ALG2(n) feasible, if there is a pair of square matrizes Ay and Ay of cardinality n for which (9)

results in the given ’yi((i)), 1 < ¢ < L, series, but there are no such pair of matrizes of cardinality

n—1. B
e MEP(n) feasible, if ALG2(n) feasible and there is a pair of square matrizes Ay and Ay for which

all joint densities, defined by (7), are non-negative.

o MAP(n) feasible, if MEP(n) feasible and there is a pair of square matrices Ao and Ay, for which

Ap is a transient Markovian generator matriz and A; is non-negative.

The equivalence of the MAP(2) and the MEP(2) feasibilities is presented in [16] and, similar to the
relation of the PH(n) and the ME(n) feasibility sets, examples indicate that MAP(n) is a real subset
of MEP(n) for nj2. The borders of the MAP(n) and the MEP(n) feasibility sets are still open research
problems and are out of the scope of the present paper.

Let F(yé((?)) be the set of equations that defines the relation of the 'yi((?) reduced joint moment with

the elements of the basic moment set as it is provided in the previous subsection.

14



For a given set 'yi((l?), 1 < ¢ < L the set of equations UeL:1 F(vi((?)) needs to be solved such that the

known quantities are vi((?), 1 < /¢ < L and all other quantities that appear in U£:1 I‘(’yi(([?)) are unknowns.

Usually, the equations of Ule I‘('yi((?)) are nonlinear in the unknowns.

We can distinguish main 3 cases. The set of equations Ule F(vi((?)) has
e infinite solutions — there are less than n? independent equations,

e a finite number of solutions,

e no solutions — the moment set ’yi(é)), 1 < ¢ < L is not ALG2(n) feasible.

Unfortunately, it is not as easy to recognise the independent equations in Ule F(’yi((i))) as it was in

case of ME distributions. In the following two subsections two examples demonstrate this difficulty.

3.5 Dependent MEP(n) moments

Suppose we are given the ry, 79,73, 74,75 reduced moments and the 711’177%’2,711’3,711’4 reduced joint
moments of a MEP(3). Similar to the number of moments in the basic moment set, this is a set of n?
moments and based on this fact one might expect to compute all other moments of the MEP(n) from
this moment set.

We have that det(M2(1,3,1)) = 0 and det(Mz2(1,4,1)) = 0. These equations define relations for the

given set of moments, that is,

[t ] [t Pt ]

73 ,.YO ,.Yl 72 ,y4 ,}/0 ,.Yl 72
Ms(1,3,1) = P . Mo(1,4,1) = o e

75 72 73 74 ,yﬁ 72 ,\/3 74

It can be seen that det(My(1,3,1)) = 0 and det(Ms(1,4,1)) = 0 can be used to determine ;7,1

. L o12 .
as a function of 71,79, 73,74,75 and ;7 , v, using that ro, 71,79, 73,74, 75 also defines rg = +°.

)

The det(M(1,3,1)) = 0 equation can also be used to show that the 7,79, rs, 74 reduced moments
and the '7%7177% ,277% ’3,75’1773’2 reduced joint moments uniquely determine the elements of the basic
moment set.

From this example we draw the following conclusions. It is not obvious to see the dependencies of
the various sets of moments. There is more than one set of n? moments that uniquely determine all

moments of a MEP(n) process and, therefore, the choice of the basic moment set is not unique.

3.6 Two different MEPs with equal marginal distribution and lag-

correlations

In [13] a procedure is presented for the construction of a MEP based on the first 2n — 1 moments of the
marginal distribution and the first 2n — 3 lag-correlations. Here we show that there are different MEPs

that realize the same marginal distribution and lag-correlations.
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Assume that n = 3 and we are given the basic moment set of the MEP(3), in particular we have
7%’2 = x; and 'y%’l = xo. Based on these parameters, as shown in Subsection 3.3, it is possible to
compute the quantities that determine the lag-correlations. By following these computations, it can be
seen that the given parameter set with 'yll 2 = 2, and 'yf 1 — 2, results in the same lag-correlations as

. 1,2 _ 2,1 _
the ones with v, = x5 and 7" = z1.

As an example we consider the following two cases:

o 559 o 469081 o 4660039019 o 4237895351171 o 42422816639765929
1713507 "2 T 12150007 0 120285000007t 10825650000000° °  107173935000000000°
1309691 525968309171
EB(X{X1) = s, B(X§X?) = oo
(XoX1) 26730000’ (XoX71) 5412825000000’
703719119 1031769119
E(X3X7) = or ;
12028500000 12028500000
103176911 1911
B(x2X)) = 031769119 o 703719119 .
12028500000 12028500000

In both cases the lag-correlations are identical and the first lag-correlations are

4146491 3011771 39937801 23351837
E(XoXs) = ————  E(XoX3) = ——— E(XoX,) = 7" B(XXs) = 022l
(XoX2) 17820000’ (XoXs) 21384000’ (XoXa) 213840000’ (XoX5) 142560000

In order to show that the two MEPs are different, in Figure 4 we depict the joint density of Xy and X,

for a given value of Xj.

30
25¢ 037
r 03719119
— B(X3XT) = s
20/ 12028500000

0.01 0.02 0.03 0.04 0.05

Figure 4: Joint density, fx, x, (1, ), for the two MEPs with equal marginal moments and lag-correlation

3.7 Extension to negative indexes

Similar to the reduced moments of ME distributions, we can extend the definition of '71?2121@%’ (9), for

negative 7; indices such that
Yt = aBMGRERGRES . GFm B L

The probabilistic interpretation of these quantities is less evident, but there are exceptions associated

with the derivatives of the joint density of the inter-arrival times. E.g., for 7,5,k > 0

itj—1 ot v

YT = aET GFET = a(—Ao) ((—Ao) Tt A1) (—Ag) I = (-1) =
Ozy ~ Ox,

16



The M; and M3 matrices and (10) can also be used to obtain the relations of the V;glzkml' quantities
for negative indexes.

-1

For example based on the ry,ry,r3 reduced moments and the v, L1 reduced joint moment of a

MEP(2) we can compute the missing element of the basic moment set, the ’yll 1 reduced joint moment,

using
w0 w o !t
Mi(—=1,-1,1)=| ' 2 2" | and My(1,-1,1)=| 7' 2 |,
,ylfl ,.Yl ,YZ 70 71 72

such that det(M;(—1,—1,1)) = 0 results ;""" and det(Ma(1,—1,1)) = 0 results v, "

4 Conclusion

This paper provides a methodology to investigate the relation of moments of ME distributions and
MEPs. The presented results are also valid for PH distributions and MAPs as they are proper subsets
of ME distributions and MEPs, respectively.

Based on this methodology we presented an algorithm to compute all possible reduced joint moments
of MEPs based on a basic set of moments, referred to as basic moment set, without having any (Ag, A1)

matrix representation of the process. Examples demonstrated, e.g., that
e there is more than one moment set that uniquely determines all possible moments of MEPs,
e an arbitrary set of 2n moments does not always define a ME(n) distribution uniquely,

e it is hard to see the relation and the dependencies of the moments, but it is possible to construct

a set of equations that describe these relations,

e the moments can be extended toward negative indices; the derivatives of the joint pdf of the inter-
arrival times at zero carry similar information to the moments and they can define all possible

moments of MEPs as well as the elements of the basic moment set.

In our future work we intend to apply this compact moment representation of MEPs in moment

matching and fitting,.
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