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Abstract—We consider the uplink of a multiuser multiple II. SYSTEM AND CHANNEL ESTIMATION MODEL

input multiple output (MU MIMO) system, in which the base : . : :
station acquires channel state information (CSl) for whichthe We consider the uplink of a MU MIMO system, in which

estimation error depends on the resources assigned to the lipk ~ the mobile Stati(%ns (MS) transmit orthogonal pilot seqesnc
pilot symbols. For this system, we first derive the receivertiat s = [51, ...,sTp] € C™*!, in which each pilot symbol is
minimizes the mean square error (MSE) of the uplink detected scaled as|s;|> = 1, for i = 1,..,7,. The pilot sequences
data symbols, as opposed to theaive receiver that does not e constructed such that they remain orthogonal as long as

minimize the MSE in the presence of CSI errors. We then h b f iall ltinlexed - .
derive a closed form expression for the MSE as a function of the number of spatially multiplexed users Is maximum

the employed pilot-to-data power ratio, number of antennasand ~ Specifically, without loss of generality, we assume that the
the MU MIMO interference power. This expression allows us to number MU-MIMO users isK < 7,. In practice, K < N,,

gain the insight that the gain Qf using the actuaI_MMSE_receier where N, is the number of antennas at the BS.
as opposed to the naive receiver bc_scomes particularly imptant In this paper we assume a comb type arrangement of the
when the number of BS antennas is large. . . . .

pilot symbols [10]. GivenF' subcarriers in the coherence
bandwidth, a fraction ofr, subcarriers are allocated to the
pilot and F; = F — 7, subcarriers are allocated to the

In multiuser multiple input multiple output (MU MIMO) data symbols. Each MS transmits at a constant pai#er,
SystemS, the fundamental trade-off between Spending F@WGVGI’, the transmission power can be distributed Unequal
sources on channel state information (CSI) acquisition aiftl €ach subcarrier. In particular, considering a transmitt
data transmission is known to affect the performance in serf@ower B, for each pilot symbol and” for each data symbol
of spectral and energy efficiency [1], [2]. Therefore, balag ~transmission, the sum constraintQf, + (F'—7,) P = Pyt is
the pilot-to-data power ratio (PDPR) [3] and determiningnforced. Thus, thév,. x 7, matrix of the received pilot signal
the number of pilot and data symbols are important aspeéf@m a specific MS at the BS can be conveniently written as:
of designing MIMO systems [4], [5], [6]. From a different » T
perspective, a related work combined a transmitter empipyi Y' =ayBhst +N, (1)
a linear dispersion code (LDC) and a linear minimum MeqMkere we assume that € ©N*1is a circular symmetric

square error (MMSE) detector at the receiver [7]. It has be%Bmplex normal distributed column vector with mean vector

found that optimizing the average normalized mean squ €ind covariance matrixC (of size N,), denoted ash ~

error (MSE) is relevant for detectors employing a lineanfro CN(0, C), o accounts for the propagation log¥, e CN+*7r

end and helps_de3|gn|ng ppnmal transmit strategies. Is'_tri‘é the spatially and temporally additive white Gaussiarseoi
baper we cons_|der the uplink of a MIMO system employm AWGN) with element-wise variance?, where the index
an MMSE receiver for data reception [8]. The MMSE receiv bfers to the noise power on the recéi\mtd)t signal

|st|rr11|t|atlr|12ed by the. es??ates.?f;?.? chfann?l Sttactgmem In this paper we assume that the BS uses the popular
rather than assuming the avarability of pertec ' '’ least square (LS) estimator that relies on correlating the

contribution to the existing literature is two-fold: received signal with the known pilot sequence. Note that our
1) We derive the actual MMSE receiver that, — in contragiethodology to determine the MSE of the received data is
to the classical onaive formula [9] — minimizes the not confined to the LS estimator, but is directly applicable
MSE of the estimated uplink data symbols in the preso an MMSE or other channel estimation techniques as well.
ence of PDPR dependent estimation errors. For each MS, the BS utilizes pilot sequence orthogonality an
2) Secondly, we derive a closed form exact expression fe@gtimates the channel based on (1) assuming:
the MSE, as a function of not only the PDPR but also _ 1 o 1 i
the number of antennas. This exact formula allows ush =h+w = a\/}?YPS (s"s")" =h+ WNS )
to arrive at the key insight that employing the actual P P
MMSE gives large gains as the number of antennagheres* = [5*{7,,,75%]T e C™*! denotes the vector of pi-

grows large. lot symbols ands”'s*) = 7,,. By consideringh ~ CA(0, C),

I. INTRODUCTION




it follows that the estimated chanrielis a circular symmetric where we utilized thai{z;} = 0 and E{n,} = 0.

complex normal distributed vectdr ~ CA/(0, R), with Additionally, utilizing E{z,z;} = 1 and E{nsnf} =

J o2 o21y,, we have:

R 2 E{hh"} =C + In,. 3
{hh) 2Py, ®) MSE (G, hi, ..., hx) =

As it was shown in [10], the distribution of the channel real- 2 K s .
izationh conditioned on the estimateis normally distributed Groxhy VP — 1‘ + Z Pi|Graphi|” +0aGeGr, (9)
as follows: _ _ -

(h | h) ~ Dh + C/\/(O, Q), @ from which our first result follows.

Result 1. When the BS uses the receiver vedtr, the MSE
whereD £ CR~!' andQ £ C — CR!C. of the received data symbols of the tagged useassuming
perfect channel state information at the base station is:

MSE(Gyx,hy) = Eny . h, g1, hx AIMSE(Gy, hr, ... hik)}

. _ = a’P.G.h. WG — 0. vVP.(G:h, + TG +1
The MU-MIMO received data signal at the BS can be

IIl. LINEAR MMSE RECEIVER
A. Received Data Signal Model

K
written as: . +03GxG + > 0t PGLCiG. (10)
y = Oénhk, Vv PK,:L'K, + Z akhk \% Pk'rk +nd7 (5) -
Do k#r Although this result is useful, we need an expression for
Other users the MSE as a function dh, rather tharh.

where o, - by is the M x 1 vector channel including large eyt 2. TheMSE of the received data symbols of the tagged
and small scale fading between Udeand the BS ¢, and userx as a function of the estimated channel at the BS is:
h, respectively);z; is the transmitted data symbol by User-

andn, emphasizes the noise on the receideda signal. MSE (Gmhﬁ) =By, 5, MSE(Gy, hy) (11)
B. Employing an MMSE Receiver at the BS = a2P,G.(D:h,h DY + Q.)GI +0iG.G +1
In this paper the BS employs an MMSE recei@f, € K

+ > 0k PG.CiG/ — axVP:(G:Dyh, + h/DIGJ).
k#kK
these results, we are in the position of deriving the

optimal MU MIMO receiver vector for Uses:

C™*Nr to estimate the data symbol transmitted by Usewe
recall that the MMSE receiver aims at minimizing the mearbSing
square error between the estimadiey and the transmitted
symbolz,:

Proposition 3. The optimalG}, can be derived as:

G} = axVP:.hIDE. (12)
When the BS employs a naive receiver, the estimated (

G, 2 argmin E{MSE} = argmin E{|Gy — z:)’}.  (6)

—1
K
channel is taken as if it was the actual channel: a2’ P, (DNBKBEDE + Qﬁ) +> ok PCy + aﬁI) .
. ~ ~ k#K
G = /P (07 Pohhf + 0307 (7)
) Tomm R e IV. DETERMINING THE MSE OF THE RECEIVED DATA
As we shall see, this receiver does not minimize the MSE. SYMBOLS WITH OPTIMAL G*

C. Determining the Actual MMSE Receiver Matrix . .
In the case of proper antenna spacing, the channel covari-

In this section we determine the MMSE receiver matix  ance matrices can be modeled@s = ¢, I, which for k = &
that the BS should use_to d_emodulate the re_cewgd_dgta S'Qﬂ%lies D, = d.I, Q. = ¢.L In this case, the MSE as a
such that the data estimation error for Useis minimized fnction of the estimated channel can be obtained as follows
taking explicitly account that the BS has access only to the
estimated channels,., as opposed to the naive receiver thdtemma 4. In the case of uncorrelated antennas at B8,
minimizes the MSE only when perfect channel estimation &hen the BS employs the optimal recei@(;, the mean
assumed. To this end, we consider the MSE of the estimagHare error of the received data symbols can be expressed
data symbols of the tagged User-obtained from the signal as:
model of (5) using a receiver vect,:

MSE (BK) = 20V Pugudp||Be|]” + 1+

2 K
g2 (aipﬁdiHﬁ&H“ + (oéiP,Qq,€ + Z ap Py, + 0'3) ||fl,€||2>

k#K

MSE(G,, hi,..., hg) = Eun, {|Gry — z:|*} =

K
= Ez,nd (Gnaﬁhn \% Pnfl)xn + Z G;gOékhk Vv P]gl'k + G,ind
k#kK

where

K
2
- Ez,nd (Gnanhn \% PK, - 1)xn + Z PkEz,nd|Gnakhkmk|2

k#K gk S Qr Pﬁdﬁ .
i K
+ Bany [Grnal?, ®) 03Py (@RI[Bell? + 0 + X1, 0F Pecr + 03

(13)



We can now derive the unconditional MSE from MSE i
E;, MSE (h, ) based on the distribution of, which we

recall from (3) ash,, ~ CN(O, RH).

N, =20

sl S MMSE.

V. CALCULATING THE UNCONDITIONAL MSE

To calculate the unconditional MSE, notice that th é-zo
MSE(h,;) depends orh,; only through||h,|[*. Thus, we can =
conveniently introducé’,, £ ||h,||?, substituteg, into (13) -z
and, by inspecting (13), introduce the following notations
suYie

(br + 8xY)?

® ® ® Minimum value

Ty 2 g (a2 Pud2|lfn]l') =

0 56 1[;0 1;0 2(;0
where we introduced the notation, £ d2p,, px = a2P,, . _ Pl _ ,
o2 & Z?;én a2 P.cy + 02 andY, 2 |[h,|2 andb, £ g.px + Figure 1: MSE as the function of the pilot powBs assuming

o2. Similarly: a fixed pilot+data power budget witN,. = 20 and N, = 500
" X number of antennas when using the naive receiver and the
- brskY, ;
T2 g | a2Peget 2 Poentod | |[ha|? = —=2== _ MMSE receiver.
2=49 (CM q ;ﬁ% wck+0oa | [hxll (b,€+s,€Yﬁ)2
Ty 2 2t/ Pal [ 2 - g = 285Ye Figure 1 compares the performance of the system in which
br + 5 Y% the number of antennas at the BS grows larye £ 500). As
We can now prove the following proposition, which will serveexpected, given a fix sum power budgetrpl, + 74P = Py
as the basis for numerical evaluations. =250 mW, the optimal pilot-data power allocation becomes

Proposition 5. The unconditionaMSE of the received data non trivial as it depends on the number of antennas, path loss
symbols of User: when the BS uses the optin@}. receiver and the employed receiver structure. The minimum value of

is as follows. the MSE in all cases are marked with a dot, which clearly

b (eL (b + Ny5wr) Ein (Nm Sbﬁr) _ Sﬁr) indicate_that_ th_e_ achievable minimum MSE _with this power

MSE = — = budget is significantly lower when employing the MMSE
e kT receiver.

Ny (e“ (b*f*(HN")S”)Ei” (HN“ b_r) - 3”’) Figure 2 shows the achievable minimum MSE value and

* SkT the optimal pilot power setting as the function of the number

9. TS NLE, (1 N, b_n) ey (14) of antennas at the bas_;e_ station. First, notice that the gain i
terms of achievable minimum MSE increases as the number

SkT
where Ey,(n, 2) £ [ e~t/t" dt is a standard exponential Of antennas increases.
integral function. For example, atV,, = 500 the gain is around 6 dB. Inter-

estingly, the pilot power setting that minimizes the MSE sloe
VI. NUMERICAL RESULTS AND CONCLUDING REMARKS ~ not depend on the number of antennas when using the MMSE
receiver, whereas it increases with the number of antermas i

Table I: System Parameters the case of the naive receiver. The intuitive explanatian fo

| ’F\’larag‘em:( t | Xfa'”e — | this is that in the case of uncorrelated antennas, accotding
umber of antennas r = 2,4,8,10, 20, o0, ) i i i
Paih Loss of tagged User- o= I0.75 50 dB equation (3), the diagonal elements of the covariance of the
Number of pilot and data symbol$ 7, = 1; 74 = 11 CSl error does not depend on the number of antennas, although
Power budget TpPp + TaP = Prot =250 mW. the size of the matrix does. Thus, the pilot-data ration when

using the MMSE receiver does not depend on the number of
@htennas, as opposed to the naive receiver case, which does
got minimize the MSE. The formal proof of this phenomenon

IS planned for future work.

In this section we consider a single cell single user MIM
system, in which the mobile terminal is equipped with
single transmit antenna, whereas the BS emplSyseceive
antennas. Note that the performance characteristics of the
proposed MMSE receiver as compared with the naive receiver APPENDIX |: PROOF OFRESULT 1
are similar in the multi-user MIMO case from the perspective
of the tagged user, since the proposed receiver treats th&rom (9) it follows, that focusing on the tagged User-
multi—user interference.as noise according to (12). The kq‘XSE(Gmh,i) B, w MSE(Gy, by, .. hi)
input parameters to this system that are necessary to obtain 5
numerical results using the MSE derivation in this paper= ‘GﬂaKhK\/P_K—l‘ + Y 0iPiEn, |Gehi|? + 03GL Gy
(ultimately relying on Proposition 5) are listed in Table I. kykr

,,,,, h,_1,hgqq,..,



APPENDIXIV: PROOF OFLEMMA 4

If C, = ¢.I, implying D, = d.I, Q. = g1 and the
optimal G can be written as:
g * AV Pﬁdﬁ in H
MIN MSE £ Naive receiver G = — = h,
S 02 P (@21l + g5 ) + S0/, 0F Prck + 03
=25 MMSE B . flnH (15)
=30
s SubstitutingG}; into the MSE of Result 2 gives the lemma.
- Naive receiver o APPENDIXV: PROOF OFPROPOSITIONS
: Recognizing thatY, is Gamma distributed, the density
H function of Y, Vk is given by (dropping the index for
= 100¢ .
OPTPILOT & . convenience):
- e . folay= T ey (16)
© sl : v (N, — 1! '
Proposition (5) follows from Lemma (4) taking the average
o of MSE (ﬁﬁ) using the the following integrals:
0 100 200 300 400 500

Figure 2: The achievable minimum MSE and the optimum T\ fv,. (z)dz =

pilot power as the function of the number of the base station “*=° b

antennas when employing the naive receiver and the MMSE N (6T (bn+(1+Nr)8M")Em(1+Nr: %) - Skﬂ")
receiver. The dots in the figure correspond to the cad€,of ST ’
20 and N,. = 500 antennas.

oo b (e% (b,€ + Nrs,gr) Ein (NT, Sb—*‘r) fs,{r)
/ T fy, (x)dz = e - ,
Recognizing that [10] o0 ;
2 o b bn
GhaVP — 1| =a*PGhh” G —aVP(Gh+h"G")+1, /70T3fn (2)dw =2 5% N, Ein (1 4+ N, ;)
andEy, |G, hy|? = G, Ey, hi[>?GY = G,C,GH theresult whereE;,(n,z) £ [~ e *'/t" dt is a standard exponential
follows. integral function.
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