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Abstract—We consider the uplink of a single cell multi-user
multiple input multiple output (MU-MIMO) system, in which
the base station acquires channel state information at the receiver
by means of uplink pilot signals. Since each mobile station has
a sum power budget that is used to transmit pilot and data
symbols, the pilot power ratio (PPR) has a large impact on the
system performance in terms of spectral and energy efficiency.
We formulate the problem of PPR setting as a non-cooperative
game, in which each mobile station aims at minimizing the mean
squared error of the uplink received data symbols at the base
station. We show that in this game a unique Nash equilibrium
exists, and propose an iterative decentralized algorithm — termed
Best PPR Algorithm (BPA) - that is guaranteed to converge
to that Nash equilibrium. Since BPA dynamically responds to
the measured interference, it outperforms widely used schemes
that use a predetermined PPR. BPA also performs close to the
global optimum, especially when mobile stations with similar path
loss values are co-scheduled in the MU-MIMO system. Based on
these insights, we propose a practical signalling mechanism for
implementing BPA in MU-MIMO systems.

I. INTRODUCTION

In the uplink of multi-user multiple input multiple output
(MU-MIMO) systems, the base station (BS) typically acquires
channel state information (CSI) by means of uplink pilot or
reference signals that are orthogonal in the code domain. For
example, mobile stations (MSs) in long term evolution (LTE)
systems use cyclically shifted Zadoff-Chu sequences to form
demodulation reference signals allowing the BS to acquire
channel state information at the receiver (CSIR), which is
necessary for uplink data reception [1].

In general, in systems employing pilot aided channel esti-
mation the number of pilot symbols and the pilot power ratio
(PPR) play a crucial role in optimizing the system performance
in terms of spectral and energy efficiency [2]-[6]. The seminal
work by [2] evaluated the difference between the mutual
information when the receiver has only an estimate of the
channel and when it has perfect knowledge of the channel.
It also established upper and lower bounds — related to the
variance of the channel measurement error — on this difference.
Subsequently, the results in [3] showed how training based
channel estimation affects the capacity of the fading channel,
recognizing that training imposes a substantial information-
theoretic penalty, especially when the coherence interval 7' is
only slightly larger than the number of transmit antennas M,
or when the SNR is low. In these regimes, learning the entire
channel is highly suboptimal. Conversely, if the SNR is high,

and T is much larger than M, training-based schemes can
come very close to achieving capacity. Therefore, the power
that should be spent on training and data transmission depends
on the relation between 7' and M. Subsequently, references
[4], [5] established a lower bound specifically for multiple
input multiple output (MIMO) orthogonal frequency division
multiplexing (OFDM) systems with minimum mean squared
error (MMSE) channel estimation. It was also shown that the
optimal PPR that maximizes this lower bound or minimizes the
average symbol error rate can increase the capacity by 10-20%
as compared with a system using suboptimal PPR setting.

As the number of antennas and the number of simultane-
ously served users by a single BS increases, decentralized
algorithms for MU-MIMO systems become important, because
they help to reduce the required processing power. Therefore,
there is an increasing interest in decentralized optimization
schemes for MU-MIMO systems, see for example [7]-[10].
These papers either assume the availability of perfect CSI,
or incorporate CSI errors, but do not address the joint opti-
mization of setting the pilot and the data power. A different
line of work proposed a game theoretic approach for decen-
tralized power control and resource allocation in multi-user
(MU) systems in which some form of "performance coupling”
[11] exists among the users, as the increase of one user’s
performance degrades the performance of others, e.g., [12]
and [13]. These references suggest that game theoretic ap-
proaches in MU systems are appealing, because they naturally
admit decentralized algorithms that can be easily deployed by
both network nodes and MSs. It is, however, unclear whether
a game theoretic treatment could be used for designing low
complexity decentralized algorithms for setting the PPR in MU
cellular systems.

In this paper we address this problem. We propose a game
theoretic approach to setting the PPR in the uplink (UL) of
MU-MIMO systems and propose a decentralized algorithm that
can be implemented in practice and converges to a unique Nash
equilibrium. Thereby, the main contribution of the present
paper is a decentralized MU (pilot and data) power allocation
algorithm, which we refer to as Best pilot-to-data power ratio
(PDPR) Algorithm (BPA). The numerical results obtained by
testing BPA in a MU-MIMO system employing an increasing
number of receive antennas yield several unique insights. Our
results show that BPA performs close to the globally optimal



solution, which minimizes the sum of mean squared errors
(MSEs) in MU-MIMO systems, and outperforms the tradi-
tional pilot power setting scheme that uses a fixed, predefined
PPR.

The rest of the paper is organized as follows. Section II
discusses related work and highlights the contributions of our
paper with respect to these work. The subsequent section
describes the system and channel estimation models. Section
IV describes the receiver model and, for completeness, rewrites
the closed form expression for the MSE of the uplink received
data symbols as a function of the pilot and data transmit power
levels. Section V derives the best response power allocation
function that minimizes the MSE of the received data sym-
bols. Based on the best response, we develop a decentralized
algorithm called the BPA, which is executed by each MS and
the BS in the system and, as its output, allocates transmit power
to each MS. Section VI presents numerical results. Section VII
concludes the paper.

II. RELATED WORK AND CONTRIBUTIONS

Due to its central role in the performance of MIMO systems,
many recent work investigated the performance impact of the
PPR and proposed optimal or near-optimal schemes for setting
the PPR [14]-[21]. The MU-MIMO scenario is analyzed
in [14], in which the coherence interval of 7' symbols is
spent for channel training, channel estimation, and precoder
computation for downlink (DL) transmission. Specifically, the
optimum number of terminals in terms of the DL spectral
efficiency is determined for a given coherence interval, num-
ber of base station antennas, and signal-to-interference-plus-
noise ratio (SINR). There is no receiver design involved and
the pilot-to-data power trade-off is out of the scope of the
considered optimization problem. The joint power loading of
data and pilot symbols for the purpose of acquiring channel
state information at the transmitter (CSIT) for precoding is
considered in [15], but the impact of setting the PPR at the
MU-MIMO receiver is not considered. In contrast, the UL
sum-rate maximization problem by tuning the training period
in a frequency-flat fading channel is considered in [18], without
modeling the receiver structure at the BS. Reference [20]
proposes a pilot design that maximizes the spectral efficiency
of high mobility wireless communication systems that use
pilot-assisted MMSE channel estimation. That work does not
explicitly model the impact of CSI errors on MU-MIMO re-
ceivers, such as an MMSE receiver. Reference [16] investigated
the optimization of the pilot overhead for single-user wireless
fading channels, and the dependencies of this pilot overhead
on various system parameters of interest (e.g. fading rate,
SNR) were quantified. By finding an expansion of the spectral
efficiency for the overhead optimization in terms of the fading
rate around the perfect-CSI point, the square root dependence
of both the overhead and the spectral efficiency penalty was
clearly identified. More recently, references [17], [19], and [22]
considered the uplink power control and PPR setting problem
in MU-MIMO systems assuming practical (zero-forcing (ZF)
and MMSE based) multiantenna receiver structures rather than

using information theoretic capacity as a basis for performance
evaluations. However, the papers mentioned above do not
develop decentralized algorithms for PPR setting.

Another set of related papers develop decentralized opti-
mization schemes for MIMO systems, either assuming the
availability of perfect channel state information, or incorpo-
rating channel state information errors, but do not address
the joint optimization of pilot and data power setting, see for
example [7]-[10].

Also, a number of recent work proposed a game theoretic
approach for power control and resource allocation in MU
systems in which performance coupling exists among the users,
as the increase of one user’s performance degrades the perfor-
mance of others [11], [23], [12], [13], [24], [25] and [26].
The MU power control problem for the Gaussian frequency-
flat relay channel is modelled as a Gaussian interference relay
game (GIRG) in [11]. In the GIRG, instead of allocating the
power budget across the set of sub-channels, each player aims
to decide the optimal power control strategy across a set of
hops. For cooperative cognitive radio networks, a coalitional
game theoretic approach is proposed in [23]. The coalitional
game model captures a cooperative secondary spectrum access
scenario, and involves primary and secondary spectrum users
such that the secondary users can act as cooperative relays
for the primary users. A non-cooperative feedback-rate control
game with pricing is considered in [12], as a model of the
downlink transmission of a closed-loop wireless network, in
which a multi-antenna BS utilizes CSI feedback to properly
set linear precoders to communicate with multiple users. Ref-
erence [13] proposes a distributed power splitting scheme for
simultaneous wireless information and power transfer in relay
interference channels, where multiple source-destination pairs
communicate through energy harvesting relays. Authors in [24]
model power control as a non-cooperative game between
transmitter-receiver pairs and show the existence of equilibria
using quasi-variational inequality theory. Reference [25] for-
mulates the problem of downlink power control of small cell
base stations under a total power constraint as a generalized
Nash equilibrium problem and proves the existence of equilib-
ria. The authors in [26] consider a game theoretical formulation
of the improper graph multicoloring problem as a model of
resource allocation between transmitter-receiver pairs, prove
the existence of equilibria and provide polynomial complexity
algorithms for computing equilibria.

A powerful game theoretic framework for the noncoopera-
tive maximization of mutual information assuming Gaussian
interference channels in MU-MIMO systems is developed in
[27]. As it is pointed out by [27], the main difficulty in
the MIMO case as compared with single input single output
(SISO) systems is that the optimal transmit directions of each
MS change with the strategies of the other users, as opposed
to the SISO case, where only the power allocation depends
on the strategies of the other MSs. However, this framework
assumes the availability of perfect CSI and does not address the
trade-off between data transmission and channel estimation. In
contrast, the work reported in [28] develops a game theoretic



approach to maximizing the own information rates subject to
transmit power and robust interference constraints allowing for
non-perfect CSI availability at the transmitters and receivers
specifically in a cognitive radio environment. However, the
aspect of tuning the pilot and data power levels subject to a
sum power constraint is not considered. For the DL, reference
[29] assumes perfect CSIT at the BS and proposes a partially
asynchronous distributed algorithm based on a non-cooperative
game to find the DL precoders in MU-MIMO systems.

Closest to our work is [21], which considers the problem
of joint pilot and data power control for the MU-MIMO UL.
However, the model of [21] uses a receiver that minimizes the
MSE of the estimated data symbols only when perfect CSI is
available. As it has been shown in our previous work [22],
the performance of this naive receiver can be significantly
improved by regularizing the receiver with respect to the
statistics of the CSI estimation errors.

Thus, to the best of our knowledge, our paper is the first to
propose dynamic and/or decentralized algorithms for setting
the pilot-to-data power ratio in multi-user cellular systems
based on game-theoretical foundations. Our main contribution
is the decentralized PPR computation and the associated BPA
algorithm, which incorporates several important and practically
useful results. Specifically, the following are important parts of
BPA:

o Proposition 2 shows that the MSE of a tagged MS is
quasi-convex with respect to its data power and derives
the unique MSE minimizer data power. This result is non-
trivial, and interestingly, has not been derived previously
in the literature. This result can be useful on its own
for other research work in the area of multi-user MIMO
receiver design and power allocation.

« We prove that a unique Nash equilibrium exists when the
mobile stations use the above unique MSE minimizer as
their best response function. This is a highly non-trivial
result, whose proof involves a number of important steps,
including Theorem 1, Lemmas 4-5, Proposition 3, and
Theorem 2. Each of these steps, and especially the proof
of Theorem 2, requires careful considerations that jointly
lead to the practically useful BPA algorithm.

o The practical signalling mechanism proposed in Section
VI helps the reader to put BPA into a system design
context.

III. SYSTEM AND CHANNEL ESTIMATION MODEL

We consider the uplink of a MU-MIMO system, in which the
MSs transmit orthogonal pilot sequences s = [s1, ..., STP]T €
C™»*1, in which each pilot symbol is scaled as |s;|?> = 1, for
1 = 1,..,7,. The pilot sequences are constructed such that
they remain orthogonal as long as the number of spatially
multiplexed users is maximum T,. Specifically, without loss
of generality, we assume that the number of MU-MIMO MSs
is K < 7. In practice, K < N,,, where N,. is the number of
antennas at the BS. Also, we use the L = {1,..., K} set to
denote the set of MSs.

We assume a frequency flat (narrow band) channel, within
which the subcarriers can be considered having the same
channel coefficient in the frequency domain. This is a realistic
assumption considering, for example, a 3GPP LTE system
based on OFDM, in which a channel (a physical resource
block [1]) consists of 12 subcarriers corresponding to 180 kHz
channel bandwidth, while the coherence bandwidth even in
relatively large outdoor cells can be assumed to be at least
B, = £ =300 kHz, where cis the speed of light and A is the
maximum difference in length between different propagation
paths from the transmitter to the receiver. Typical values for
A are 30 meters (indoors) and 1000 meters (outdoors) [30,
Chapter 2].

Specifically, given F' subcarriers in the coherence band-
width, a fraction of 7, subcarriers are allocated to the pilot
and 74 £ F — 7, subcarriers are allocated to the data symbols.
Each MS may transmit using its full power budget P;.:, such
the transmission power can be distributed unequally over the
subcarriers. In particular, considering a transmit power P(P)
for each pilot symbol and P for each data symbol, the sum
constraint of

7 P®) 4 74P = Proy (1)

is enforced, where 1 < 7,,, 74 < F. Thus, the NV, X 7, matrix
of the received pilot signal from a specific MS at the BS can
be conveniently written as:

Y? = avV P®hs” +N, (2)

where we assume that h € CN+*! is a circular symmetric
complex normal distributed column vector with mean vector
0 and covariance matrix C (of size N,), denoted as h ~
CN(0,C), a accounts for the propagation loss, N € CNr*7»
is the spatially and temporally additive white Gaussian noise
(AWGN) with element-wise variance O'g, where the index p
refers to the noise power on the received pilot signal.

We assume that the BS uses either the least squares (LS)
or the MMSE estimator to obtain an estimate of the channel
at the receiver, and based on the below summarized results of
[31] we show that our methodology to determine the MSE of
the received data symbols is applicable in both cases.

A. LS Channel Estimation

For each MS, the BS utilizes pilot sequence orthogonality
and estimates the channel based on (2) assuming:

N 1 1
hig = Yrs*(sTs*y '=h+ ————Ns* (3)
LS N0 ( ) o/ Prr, (
1
=h+ Ns*,
o/ Pyoy — 74P /T
T

where s* = {s*{, S € C™*! denotes the vector of

pilot symbols, s* denotes the complex conjugate of s, and
(sTs*) = 7,. By considering h ~ CN(0, C), it follows that
the estimated channel hyg is a circular symmetric complex
normal distributed vector hyg ~ CA (0,Rys), with
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Rus £ B{hushil) = C+ 0t T,
o2
+ 02 (P —74P) N, “4)

B. MMSE Channel Estimation

In the case of MMSE channel estimation, it is useful to
define the training matrix S = s ® Iy, (of size 7, N, x N,),
so that SS = 7,1y, and the 7, N,. x 1 vector of the received
signal (2) can be conveniently rewritten as

Y? = a/P,Sh + N,

where Y? N € C7»N-x1,
The MMSE channel estimator aims at minimizing the MSE

between the estimate BMMSE 2 HY? and the actual channel
h.

Lemma 1. [10], [31] The optimal MMSE decoder is
H =arg min B{|[HY” — h|[}} =
=aV P®)(o2Iy, + o’ PP CSHS)1CS”

where H € CN~*7oNr  and the MMSE channel estimate is
expressed as

havuse = av/Py (o1, + Py, C) ' CS” (ay/P,Sh + N) =

2 -1
g, D 1 H
= In, +C Clh+ ——S"N|. (5
(oﬂPpr N ) ( ar/ Pp1p > ©)
The covariance matrix of the estimated channel in the case of
MMSE channel estimation is captured in the following lemma.

Lemma 2. [31] The covariance matrix of the estimated
channel with MMSE estimation is given as:

Rymise 2 E{hyvsehifyse (©6)

0'2 -t
2 P
= . —I .
© (O‘Q(Ptot—TdP) NHFC)

C. Conditional Distribution of the Channel

Equations (4) and (6) can be used to calculate the conditional
distribution of the channels, which in turn plays an important
role to determine the MSE of the uplink received data symbols.

Lemma 3. /[31] Thfz conditional distribution of the channel
given its estimation h is

(hh) ~ CN/(Dh, Q), (7)
where

CREsl for LS estimation
In, Sfor MMSE estimation

o-|

Q= C - CRE;C for LS estimation
a C —Rumse  for MMSE estimation
with Ris and Rymse given in (4) and (6), respectively.
We emphasize here that for the subsequent optimal power

allocation it has crucial importance that matrices R, D, Q of
a given MS depend on its data power (due to (1)).

IV. LINEAR MMSE RECEIVER

A. Received Data Signal Model

The MU-MIMO received data signal at the BS can be
written as:

K
Yy = ahe/Pez + Y axhyy/Peg +ny, ()
User-x k#r

Other users

where K is the number of users, aihy is the M x 1 vector
channel including large (o) and small scale (hg) fading
between User-k and the BS, Py is the data power per symbol
of User-k, xy, is the transmitted data symbol by User-k and the
notation n, emphasizes the noise on the received data signal.
We denote the row vector of the data power levels of the K
MSs by P £ {Py,...,Pg} € RI*K,

B. Employing the Naive and the MMSE Receivers at the BS

We start by comparing the structures and resulting MSE
expressions of two linear receivers.

Notice that when using the MMSE receiver, the MSE is
a natural performance metric, since it is directly related to
the objective function of the multi-user MIMO receiver. More
importantly, several related works showed that in the case
of the MMSE receiver, minimizing the MSE of the received
data symbols is equivalent to maximizing the SINR of the
received signal, and thereby maximizing the per-user data rate,
see for example [32]-[34]. Moreover, as we shall see, in the
case of a non-cooperative game, from each user’s perspective,
minimizing the MSE is a meaningful and useful basis for best
response due to the above mentioned rate-MSE equivalence.

The naive receiver uses the estimated channel fl,€ as if it
was the actual channel to estimate the data symbol transmitted
by User-x [35]:

Gr:iaive —a, \/EEHH

K
~ A —1
-(aip,gh,ghf+§ aipkck+031) )
k#k

MU-MIMO
interference plus noise

where G2 € R and it can be assumed that o5 = o2
This assumption is justified, because any subcarrier can be
used for pilot and data symbols, and we assume AWGN on all
subcarriers. In the sequel G™" and the associated MSEi¥
are used as a point of reference, because the naive receiver
does not take into account the impact of channel estimation
errors.

As it has been pointed out by [36]-[38], this above receiver
structure needs to be regularized to obtain the MMSE receiver
G, that minimizes the MSE of the received data symbols in the
presence of CSI errors and takes into account the MU-MIMO
interference:



G, = a.\/P.h’DI.

K -1
. (aiPm (DKBKEED,{H + Qn) + Z Oéipkck + JZINT> .
k#Kk

(10)

. MU-MIMO
interference plus noise

Notice that in the case of a single user (X = 1) and
perfect channel estimation, 02 = o2, Dy, = In,, Qx = 0
and GU¢ = Gj. In practice, the pilot and data power
allocation is constrained such that for the data power levels
P, € Py = (OPT—) Vk € {1,2, .., K} hold, where 7, (as
well as 7,) are identical for all users.

As a remark, set P, has to be an open set, since (3) and
(5) indicate that flLs and HMMSE are not defined for P, = 0,
and (4) and (6) indicate that Rr,g and Rymvsg are not defined
for P, = P;—c‘l" Therefore the MMSE receiver G, in (10) does
not exist for P, € {0, P;—;’t} At the same time, setting the
data power P, to zero or P;—G‘l" means that no data symbol or
no pilot symbol is transmitted, neither of which is of practical
interest.

C. Determining the MSE With Identical Uncorrelated Receiver
Antennas

In the case of proper antenna spacing, the channel covariance
matrices can be modeled as C, = c¢,I, which by (4) and
the definition of D, and Q, implies R, (P) = r, (P) - I,
D.P) = d.(P) -1 Q. (P) = ¢, (P) - I, where the
dependence of r., d, and ¢, on P has been emphasized.
Furthermore, Glaive = gnaive . flf ,and G, = gy - fl,{H , where:

o/ Pe
K

O‘ipn”l:ln”z + ZaﬁPka +037

(1)

e (P) £

k#Kk
éa%(P_ﬁ)
and
é ali V P/ﬁdﬁ
2P (@Ihell? + 0 ) + Y o Prcy + o3
k#kKk
U%(P—N)

where P_,, € R (X=1) denotes the power vector containing
the transmit data powers of all except the x-th MS. In the
following, depending on the context, we interchangeably use
the notation P and (P,,P_). Accordingly,
K
o2 =02(P_,) 2 Z o3 Pycy, + 02
k#k
captures the MU-MIMO interference to MS-x plus noise as
highlighted in (9) and (10). The short notation, o2, is used
occasionally for notational convenience. Notice that in a multi-
user system, where K > 2, 02 (P_,) is greater than the

13)

pilot noise power o7, since — according to (13) - o7 (P_,)

incorporates the multi-user interference in addition to the
thermal noise. Furthermore, in this case, the MSE as a function
of the estimated channel can be obtained as follows:

Proposition 1. [22], [39] The unconditional MSE of the
received data symbols of User-x when the BS uses the naive
and optimal G, receivers respectively are as follows.

MSE[™ (P) =

diN, (e“ (114 N, ) By (14 N, ) 1> +

+ (zﬁ + ur;aive) (eﬂr:ive (’ur;aive + Nr)Ein (Nmut;aive) _ 1)

naive

— 2y, - € Ny By (14 Ny, ) + 1,

K

(14)

MSE&(P) = pixe!™ By, (Nm /’LN) > (15)

where "¢ and i, as functions of the data power vector P,
are defined by
. . 2(p_ )
naive _  naive p) 4 %(7“ 16
/’[’Ii /’[/Ii ( ) a%PK,T,@ (PK) ) ( )
K PK, 2PK 2 P—K
and i, = p(P) 2 WP 0P 0 Bo) =g,

di (Pn) OziPKT,{ (Pn)

E,-,,(n,z) A 00 ezt

= h T
function.

dt is a standard exponential integral

The proofs of the statements are provided in [39, Theorem
1] and [22, Lemma 2], respectively. Note that in (17), u,.(P)
is continuous with respect to P, € 'P;. Furthermore, as
intuitively expected, in a MU-MIMO system with perfect
channel estimation, that is, when d, = 1 and ¢, = 0, we
have that ji,, = "¢, and the MSEs of the naive and MMSE
receivers coincide, that is MSE,. = MSE':ii"e.

Notice that according to Proposition 1 MSE,;(P) depends
on ¢, (P), d,.(P) and r,(P), which only depend on the second
order statistics of the channel and the data power, by Lemma
2 and 3. Therefore, the MSE, (P) is more sensitive to the path
loss «,., and is less sensitive to the channel coherence time.

V. DECENTRALIZED PILOT POWER RATIO COMPUTATION

In this section we develop a decentralized algorithm exe-
cuted by the MSs based on concepts from non-cooperative
game theory [40]. The key tenet of the proposed algorithm,
which we call BPA, is that MSs iteratively update their PPRs
such that the updated PPRs minimize their own MSEs, until the
data power update falls below a predefined threshold. Notice
that because of the power constraint in equation (1), setting
the data power is equivalent to setting the PPR.

A. Best Response Power Allocation

As a first step, observe that MSE,, (P) given in (15) depends
on the data power P,, of MS-x and on the data power allocation



P_,. of the other MSs. For notational convenience, let us
rewrite

MSE,(P) = MSE,. (P, P_,), (18)

which makes this dependence explicit, and allows us to define
the best response of MS-«.

Definition 1. The best response of MS-k to the data power
allocation P _,; of the other MSs is a data power allocation
P that satisfies

MSE,(P:,P_,) < MSE.(P;,P_.), VP, € Pg. (19)

Clearly, P} € P,, but for a given P_,, the best response
need not be unique in general. The following important result
shows that in the PPR selection problem the best response is
unique, and can be expressed in closed form.

Proposition 2. For an arbitrary data power allocation P _,; €
PE=L the function MSE, (P) is quasiconvex with respect to
P, € Pg4. Furthermore, PX(P_,,) is the unique minimizer of
MSE, (P, P_), where:

Ptot

enProta? —d—+74
=

T
crProtaZ =5 +1
7p

Pi(P_,) = (20)

The proof of the proposition is given in the Appendix. Since
the best response is unique, we use the notation P} (P_,) to
denote the best response data power of MS-x in the sequel.

From Proposition 2, the following corollary is immediate.

Corollary 1. Under the constraint of the power budget in (1),
the pilot power allocation of MS-k by its best response function
is

_ Ptot - TdP,:(P—n)

pw" — Q1)

Tp
We are now ready to formulate the BPA algorithm.

B. The Best Pilot Power Ratio Algorithm

The proposed best PPR algorithm operates by iteratively
computing the best response power allocation of each MS.
The pseudo-code of the algorithm is shown in Algorithm 1.
P,Ef) denotes the data power computed by MS-x in iteration
1, which is the best response power allocation with respect to
the data power P(_Zgl) of the other MSs.

BPA takes two parameters as input: the MSE improvement
threshold € > 0 and the mode of operation, which determines
the initial data power.

If the mode of operation is MIN, then, MS-x initializes its
data power according to (20) in Line 2 of BPA assuming that
the data power of the other MSs is zero, that is assuming
P_, = 0, where 0 is the vector of zeros of appropriate size.
Although P_, cannot be set to zero in practice, MS-x can
initialize P,EO) using the assumption that P_,, = 0. Note that
after executing Line 2 of BPA, P,.EO) > 0.

If the mode of operation is MAX, then, MS-« initializes
its data power according to (20) in Line 4 of BPA assuming
that the data power of the other MSs is Pj—;f e, where e is the

Algorithm 1: Best PPR Algorithm (BPA)

Input: MSE improvement threshold e,

Mode € {MIN, MAX}

1 if Mode == MIN then
2 ‘ Initial data power P = Pr(0), Vs € K
3 else
4 Initial data power PO = P (PT’—: e), Ve e K
5 end
61=0
7 repeat
8 | BSsends o2 and o7 (Pg;l)) to MS-k, k € K
9 for x € K do

10 if then

1 ‘ Pl = P (Pg;l))
12 else

13 ‘ p — pli-1)

14 end

15 end

16 1=1+1

17 until P,gi) == Pﬁ(i_l), Vk € K;
QOutput: Data power allocation P.

vector of ones of appropriate size. Although P_, cannot be
set to PT";” e in practice, MS-x can initialize P,EVO) using the
assumption that P_,, = PT‘—:t e. Note that after executing Line

4 of BPA, P < Dot

The initial setting in both modes ensures the convergence of
BPA, as it will be shown in the proof of Theorem 1.

Then, in iteration ¢, all MSs compute their best response
data powers according to equation (20) with the parameters
(012, and o2 (P(f;l)>) received from the BS. Recall from

(13) that the P_, and AWGN are incorporated in o2 (P_,),
which is the received noise-plus-interference at the BS on
the received signal of MS-x. Furthermore, in practice, the BS
continuously measures o2 (P_,) [1], which would allow the
smooth integration of BPA into the existing radio measurement
and resource management algorithms executed by the BS.

If the MSE improvement MSE, Péi_l), P(_l:l)>
MSE, (P,j (Pg;l)) 7Pg;1)) exceeds the improvement
threshold €, MS-x updates its data power P,gi) to P} (P(Fl)

k)
otherwise it keeps its current data power. The algorithm
terminates if no MS updates its data power in an iteration. Note
that in BPA the MSs update their data powers simultaneously,
which allows for a fast operation at the expense of maintaining

synchronization among the MSs.

C. Fixed Point and Convergence of BPA

In this section, we show hat BPA converges to a data
power allocation at the MSs such that the PPR of each MS
corresponds to its best response to P_,. In this allocation,
no MS has an incentive to change its PPR, and, consequently,



BPA does not update the data power allocations, even when §
is set to zero.

In order to prove the existence of such an allocation, it is
convenient to model the data power allocation problem as a
non-cooperative strategic game (Chapter 2.1, [40]):

G £< K, (Pa), (MSE.(P)) >, (22)

where the set of players is the set of MSs /C, the action set of
MS-k is the set of possible data power allocations Pg4, and the
cost function of MS-x is MSE, (P). Showing that there is a
data power allocation from which no MS has an incentive to
deviate is equivalent to showing that the game G has a pure
strategy Nash equilibrium, defined as follows.

Definition 2. For some € > 0 an e-Nash equilibrium of the
strategic game G is a data power allocation profile P such
that for all kK € K

MSE,.(P,,P_,) < MSE.(P.,P_,) +¢, VP, € Ps. (23)

A pure strategy Nash equilibrium is an e-Nash equilibrium for
e=0.

We can now state the following important property of G.

Theorem 1. BPA with ¢ = 0 converges to a pure strategy Nash
equilibrium of G.

Before we prove the theorem, let us recall that, by Propo-
sition 2, the function MSE,(P,,P_,) is continuous and
quasiconvex on Py. Since the action set Py is an open set, it
is not compact, and thus the basic results on Nash equilibrium
existence do not hold (e.g., Theorem 1.2 in [41], [42]). To
prove that even though the action set P, is open, an equilibrium
exists, we first formulate a monotonicity result on the best
response function P} (P_,) as follows.

Lemma 4. The best response function P (P_,) of the data
power for MS-k is a strictly increasing function of the data
power P; ¥j € K\ k.
Proof. Taking the derivative of P}(P_,) with respect to P;
we obtain
OP:(P_,) _ OP(P_,) 0oy (P_,)
an 80H (P,,{) 3PJ

e P U 0, (P_y) \/UVO',% (P_y)o27a o
= 75
1% (UU,% (P_y)ma+ \/UVU,% (P_y) U%Td)

where U = ¢, Poraz 407, and V = ¢, Pyorol +07, (P_.)° 7a.

Observe that w > 0, which shows that P} (P_,) is
a strictly increasing flunctlon of the data power of the other
MSs. Thus, the best response of MS-« increases as the other
MSs increase their data powers. O

In addition to Lemma 4, the following lemma will be useful
for the proof of Theorem 1.

Lemma 5. The best response function Pr(P_,.) of the data
power for MS-k is bounded by

P, < Pi(P_,) < Pa, (25)

where P, = lima_,o P¥(Ae) and P, = lima_,o P (Ae).

Furthermore, 0 < P, and P. < P;—;’t.

Proof. Because the best response PX(P_,) is strictly mono-
tonically increasing in the data power P; of the other MSs (by
Lemma 4), it is sufficient to show that P and P.. exist by
substitution into (20).

P,
P, = lim P*(Ae) = Lot . (26)
- A—0
cKPt(,tai—kafde Ug
Ta+ |74
(cﬁPf,of,ai-f—ag)ofl
from which 0 < P,.
. P,
P. = lim Pf(Ae) = tot (27)
A—o00

2,2
TS50
d_p
Td \/ e Protai+o2

Since the second term in the denominator is positive, it follows
that P, < Leet. O

We note that limp___, is not feasible in practice since it
is out of the action set Py, but it suffices for the purpose of
the mathematical proof.

We are now ready to prove Theorem 1.

Proof. We use induction to show that BPA converges. The
proof is presented for the case of Mode = MIN; the proof for
Mode = MAX is analogous.

Recall that BPA starts with the initial power allocation
P,,EO) = P¥(0), and after the first iteration we have P(l)

Py PSO) Since P(O) > 0, according to Lemma 4, we have
P > P for all k € K.

Consider now iteration ¢, and assume that P(_ZL > Pg;l),
which holds for 7 = 1. Then, by Lemma 4 we have P,gi—H) >
P, and Pg:l) > P@{ for all k € K. Thus, the sequence
{P,gi)} is a strictly monotone increasing sequence.

To show convergence, recall that by Lemma 5, the best
response data power satisfies
Ptot

)< P, <
Td

0< P, <P:(P_,

for each MS-k, and thus the sequence is bounded. By the
monotone convergence theorem, it is convergent, which proves
the convergence of BPA. [

The above result shows that there is a data power allocation
P () to which BPA converges. We can now state the following
proposition.

Proposition 3. The strategic game G has a pure strategy Nash
equilibrium. Specifically, the power allocation P(>), to which
BPA converges, is a pure strategy Nash equilibrium of G when
e=0.



Proof. The BPA sets P,£°°> =Py (P(f,j)) and by Proposition
2 and Definition 1 for all k € IC, it holds that:

MSE, (PM, P‘f?) < MSE, (P,g, PS‘X;)) VP € Py
(28)

By Definition 2, P(>) is a pure Nash equilibrium of the
strategic game G. O

Clearly, in practice BPA would be used with a MSE
improvement threshold ¢ > 0, and {P,gl)} is an increasing
sequence with P,g”l) > P,g’) Vi. Thus, similarly to the
proof of Theorem 1, BPA converges to an approximate Nash
equilibrium when € > 0, as stated by the following observation.

Observation 1. For ¢ > 0, BPA converges to a e-Nash
equilibrium power allocation profile.

D. Uniqueness of the Fixed Point of BPA

According to (20), the best response power allocation
Pr(P_,) of MS-k is a function of the currently used transmit
power of all other MSs. In this section we define f : R X
R X as a mapping from P to P* and prove that f is a
contraction mapping in PjXK and consequently has a unique
fixed point, and BPA converges to this unique fixed point, if
an easy to check condition holds.

Define
f(P) £ [P} (P1,P_1),..., Pi(Px,P_g)],  (29)

where P* (P,,P_,) is independent of P,. Furthermore, define
the K x K matrix F(P) so that its (,7)'" element is:

L 0 Y
":‘AAiE(P)—‘af%

where f;(P) = P}(P_;) denotes the ;"
vector f(P). Note that F(P);; = 0.

Py (P),

J

(30)

element of row

Theorem 2. The best response power allocation as defined by
(29) is a contraction mapping if the following condition holds
for VK and VP € P(%XK:

2\ /107 (P_,)

5
Td 2( ugo? (P_y) \/cmai + pLon (P,H))
K

1
: Z ckai <n<l,
Vonod + FLo? (Poy) 02 (P_y) 117

2
Ptot Crd

€2y
where 1 is a number arbitrarily close to one and
2
u A CRaKTd Td
= .
o % Piot

The proof is in the Appendix.

Note that the condition stated in Theorem 2 is mild in the
sense that it is always fulfilled in practice. This is illustrated
in Table I, in which the parameters of a system of 10 users are

shown. The last row of the Table shows the value that must be
less than 1 for the uniqueness of the Nash equilibrium. In this
example the condition could be violated by letting the power
budget P;,; grow to ~ 6 - 108 mW, which can clearly not be
the case in practice.

Table 1
NUMERICAL EXAMPLE FOR CONTRACTIVITY BASED ON (31)

Parameter or Expression \ Value

K 10
cr, Yk 1
Path Loss (PL),, Vk 42.5 dB
ar =10"1, Vk 5.6234 - 107
Td 10
Ptot 24 dBm =~ 250 mW
Py, Vk 200 mW
Ptot/Td 25 mW
U = 05T T 4.0032 - 102
P Lot
02 =0, cka®Py + 02 | 1.0057 1073
Ui £ \/ugo2 6.3450 - 1073
S, 2 \/cﬁag + g0 | 634281073
NUM £ c.a?\/u,02 2.0065 - 10711
DEN £ 2. (U, + S,)? 3.2196 - 10~4
TN T=T 9.7698 - 1073
S ke 2.8461- 1073
K 0PI (P_, —
et 6.9513-1079 < 1

Recall from Proposition 3 that BPA converges to a Nash
equilibrium. Since the best response power allocation is a
contraction mapping, and BPA implements the best response
power allocation, it follows that BPA converges to the fixed
point of f. The convergence to the fixed point and Proposition 3
imply that the fixed point is the unique Nash equilibrium.

VI. NUMERICAL RESULTS

In this section we consider a MU-MIMO system and present
the numerical results. First, we verify the properties of the
MSE,(P) and the best response function P;(P_,). Next,
we analyze the convergence of BPA. Finally, we investigate

Table II
SYSTEM PARAMETERS

| Parameter | Value \
Number of antennas at the BS N, =8,...,80
Number of MSs K=26
Total number of symbols (per time slot) | F' = 12
Number of data symbols (per time slot) | 74 =6
Number of pilot symbols (per time slot) | F' — 74
Power budget Piot = 24 dBm
Thermal noise density —174 dBm/Hz
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Figure 1. MSE of MS 1 as a function of data power of MS 1 in a two-MSs
system. MSE; suffers from higher data power of MS 2 and benefits from
deploying more antennas at the BS.

the performance of BPA in several scenarios, in which the
number of MSs, and the number of antennas at BS vary. These

scenarios are characterized in terms of the parameters listed in
Table II.

A. Fundamental Properties of MSE

To examine fundamental properties of the MSE, (P) and the
best response function PY(P_,), we first consider a system
that consists of two MSs with fixed path loss values of
a1 = 50 dB and ap = 42.5 dB, respectively. Figure 1 shows
the MSE performance of MS 1 as a function of the data power
of MS 1 P, while setting 74P = 7.8 dBm, 17.8 dBm, and
22.4 dBm and employing N, = 8 and N, = 64 receive
antennas at the BS. First, notice that the MSE of MS 1 is
quasiconvex with respect to P;. In all three cases of P;, there
exists a unique best response data power, which is marked by
a dot in the figure. An important observation is that as the
data power of MS 2 increases, the best response data power
of MS 1 also increases. As an example, for the three cases of
P, with N, = 8, the best response data powers of MS 1 are
21.85 dBm, 21.93 dBm and 22.00 dBm, respectively.

Figure 2 shows the best response curves for a system of
two MSs, that is when K = 2 in two cases. In case 1,
we consider the same path loss allocation as those used in
Figure 1. In case 2, the two MSs have equal path loss values
of oy = ay = 35 dB. The curves show the best response
data power for each MS with respect to the data power of the
other MS. For example, in case 1, when 74P, = 21 dBm,
the best response of MS 2 is to use a data power level of
T4P> =~ 22.4dBm, since this data power level minimizes
its own MSE. In both cases, MS 1 sets its data power as
its best response to the current interference situation. Since
the best response data power level increases with increasing
interference power (that is with increasing P,), MS 1 causes
higher interference to MS 2. In turn, MS 2 increases its data
power until they reach the Nash equilibrium point as illustrated
by the intersection points in the figure. In consistence with the
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Figure 2. Illustration of the best response dynamics in a two-MSs system.

The best response data power is an increasing function of the interference.
The two MSs increase their data power until they reach a Nash equilibrium
point.
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Figure 3. The normalized convergence distance in systems with 2, 6 and 18
MSs with different initial data power values. BPA converges within 4 iterations
and the MIN mode has a shorter convergence distance.

previous result, the best response data power increases as the
data power of the other MS increases.

B. Convergence of BPA

To evaluate the convergence of BPA, we define the nor-
malized convergence distance NCD® for each iteration as
follows:

(o0) (1)
Zkelc Pk — ZukeEK Pk

Sper P

where PIEOO) is the data power of MS £ in the Nash equilibrium.
The algorithm converges as NCD® approaches zero.

NCD® 2

; (32)
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Figure 4. Individual MSE performance in a two-MSs system, where the path
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axis.
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Figure 3 shows the NCD for systems with K = 2,6 and
18 MSs with BPA initialized in modes MIN and MAX, and
for two cases when the data powers are chosen uniform at
random. The results show that for all three system sizes BPA
converges uniquely within four iterations, but the convergence
performance of random initialization is unpredictable and
hence randomly chosen data powers are not a good choice.
For example, when there are 6 MSs the random case 1 has
the largest convergence distance while the random case 2 has
the shortest convergence distance. The results also show that
after one iteration the convergence distance of MIN mode is
lower than 0.02 for all three system sizes. This means that
BPA achieves close-to-equilibrium performance and benefits
the analyzed system already after a single iteration. In practical
deployment one may thus apply the data power allocations
obtained after a single iteration; such a solution would lead
to close-to-equilibrium performance with very little overhead
in terms of signaling traffic and in terms of delay. Since the
MIN mode has a relatively shorter convergence distance than
the MAX mode, we use the MIN mode in the rest of the
simulations.

C. MSE Performance

To further evaluate the MSE performance of BPA, we
compare its performance with that of a system that minimizes
the sum of the individual MSEs. This minimum of the sum
of the individual MSEs is obtained by Mathematica 10.0 [43]
using exhaustive search.

We test BPA in a two-MSs system, as an extension of the
scenario studied in Figure 1. The path loss of MS 2 is still
fixed at 42.5 dB, while the path loss of MS 1 varies. Figure 4
shows the individual MSEs in different path loss settings of MS
1, while Figure 5 shows the corresponding data power levels.
When using BPA, the MSs maximize their own MSE values at
the expense of generating interference to the other MS, which
has a negative impact on the overall system performance. When
the path loss of the two MSs is different, both BPA and the
system that minimizes the sum of the individual MSE values
tend to be unfair in the sense of setting data power levels that
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Figure 5. The individual data power levels of the two-MS system as set by
BPA and in a system that minimizes the sum MSE.
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Figure 6. The sum-MSE performance in a system in which the co-scheduled
MSs have equal or different path loss values when the BS is equipped
with different number of antennas. BPA achieves near optimal sum-MSE
performance in the system with symmetric (equal path loss) MSs, and
outperforms the fixed PPR scheme.

yield unequal MSE values. For example, when MS 1 has lower
path loss than MS 2 (e.g, a; = 35 dB), the performance gap
between the optimal and BPA is large. Due to the low path
loss, MS 1 achieves a better MSE performance with BPA than
with a sum-MSE minimizing algorithm. On the other hand,
MS 2 suffers from the selfish behaviour of MS 1 in BPA.
When the path loss values of the MSs are close to each other
(e.g, a3 = 40 dB,42.5 dB), the performance gap between
BPA and optimal solution, and the performance gap between
different MSs becomes smaller. When the path loss of MS 1
becomes large, MS 1 generates less interference, consequently
the system performance is less sensitive to the interference, and
the performance gap between the BPA and optimal solution
remains small.

In currently deployed wireless systems, including LTE cel-
lular networks, MU-MIMO schemes employ fixed (standard-
ized) PPR setting for all MSs. Therefore, for benchmark-
ing purposes, we simulate a regular scheme, which assigns
gPtot = 23.31 dBm power as the data transmission power for
the MSs. This data power setting corresponds to the case of



using 6 out of 7 OFDM symbols for data transmission and
1 OFDM symbol for the pilot signal [1]. Figure 6 compares
the performance of BPA with the optimal (i.e. sum-MSE
minimizing) scheme and the regular scheme, when employing
different number of antennas at the BS.

Figure 6 compares the performance of BPA with the optimal
solution. For the system with 2 symmetric MSs (with equal
path loss), the performance gap is always less than 0.5 dB. In
a system with 2 MSs with different path losses (asymmetric
setting), the performance gap of the two algorithms increases
as the number of antennas increases. The largest gap is about
1.2 dB. A similar observation can be made for the system with
8 MSs. These results indicate that BPA performs close to the
optimal solution when two MSs with similar path loss values
are co-sheduled for MU-MIMO transmission. As expected, in
all three cases, the system benefits from an increasing number
of antennas at the BS.

As can also be seen in Figure 6, BPA outperforms the regular
scheme with about 0.5 ~ 1 dB in all three cases. The inferior
performance of the regular scheme is due to using a fixed
rather than adaptive data power. For example, in the system
with 2 symmetric (equal path loss) MSs, the path loss values
of the MSs are a; = g = 42.5 dB. As Figure 5 shows in the
two symmetric MSs case, BPA and the optimal solution set the
data power as 74 P) = 74P> = 22.67 dBm and 7y P} = 74P =
21.89 dBm, respectively. Since the regular scheme deploys
unnecessarily high data power in this case, the performance
suffers from high MU-MIMO interference.

D. A Practical Signalling Mechanism for BPA

In a real system, BPA can be performed periodically by the
MSs assisted by a central entity such as a cellular BS. Based
on the pseudo code description of Algorithm 1, we propose the
following signalling mechanism for each PPR setting interval:

1) BS: broadcasts the data power update threshold 9, the
mode of operation (i.e. MIN or MAX), and noise mea-
surements ag, and 02 to the MSs.

2) Each MS: executes line 1-5 in BPA to initiate its data

power P,.SO).

BS: sends o7 and o7 PU~Y) to each MS.

Each MS: executes line 10-14 in BPA to update its data

power.

Repeat 3) and 4) until the system reaches the Nash

equilibrium.

3)
4)

5)

VII. CONCLUDING REMARKS

In this paper, we considered the uplink of a MU-MIMO
system, in which the BS acquires CSIR by means of uplink
pilot signals. Although it is well known, that in such systems
setting the PPR for the MSs that are co-scheduled for uplink
MU-MIMO transmission has a large impact on the perfor-
mance, distributed PPR-setting schemes are not available in
the literature. Given the growing interest in large scale antenna
systems, there is a need for distributed schemes that scale
well with both the number of receive antennas at the BS
and the number of co-scheduled MU-MIMO users. This key
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observation motivated employing a game theoretic approach,
in which MSs aim at minimizing the MSE of their own data
symbols by adjusting their PPR under a fixed transmit power
budget.

We first showed that there is a data power allocation at the
MSs such that the PPR of each MS corresponds to its best
response that minimizes its own MSE. We then developed a
game theoretic decentralized algorithm — termed BPA — to set
the PPR in MU-MIMO systems. Both the analytical and the
numerical results showed the existence of a Nash equilibrium
and the convergence of the proposed BPA to this equilibrium.
We benchmarked BPA with respect to two reference schemes:
the global optimum and a scheme that uses a fixed PPR.

The numerical results indicate that BPA converges after a
few iterations even when the number of antennas and co-
scheduled MU-MIMO users is set to realistic numbers. The
achieved MSE performance is close to the global optimum
that minimizes the sum of the individual MSE values when the
co-scheduled users are similar in terms of large scale fading.
Furthermore, BPA outperforms a PPR setting scheme that uses
a predetermined (fix) pilot-data power ratio. We believe that
these findings will be important in future MU-MIMO systems,
in which distributed PPR setting schemes will be needed.

As a subject of future work, we plan to extend BPA to
multi-cell MU-MIMO systems, in which the impact of pilot
contamination on the quality of channel estimation must be
taken into account.

APPENDIX: PROOF OF PROPOSITION 2

The first derivative of the MSE, (P) with respect to P, is:

OMSE,(P)  OMSE,(P) du.(P)
oP.,  Oux oP,

>From [22, Appendix III], % is positive Yy, (P) >

0. According to the power budget defined in equation (1), when

P, € Py, Piot — P74 > 0 and thus p, (P) is always positive.

Thus the sign of % in (33) only depends on the sign
BHN(P)

of ~opr. -

(33)

ops(P) 1
oP,

T 2P2aL (Pt — TaPo)?
. (0,3 (P_y) 02 (2P,$Td — Ptot) + cpa?-

-(P,frd (012) — ai (P_x) Td) + 2PHPtOtO'i (P_y) 74—
PP )

The denominator of (34) is positive. The numerator

is a second order polynomial of P, with the
coefficients  ax CraTa(07 1402 (P_,.)),
ai

2
K

(34)

— 0

202 (P ) T (Ck;aiptot + UZ), and ag
*Ptomi (P_x) (C;-;Ptotoei + Uﬁ). According to the system



model, ayp and ay are negative, and a; is positive. Thus the
numerator of (34) has two positive roots P; ; and P ,:

. —a1 + /a2 — 4a2a0 Va2 — 4azag
Pr{,l = .

2a2 2a0
(35)

Comparison between the upper bound of the available data
power of MS- and P , indicates that

—ay —

52_

P, P,
71_&01& tot _ P:;Q. (36)
d (c,‘;Ptot(xﬁJro’i(P,ﬁ)‘rd 0127
Td— |Td
(cmPtotai-i-Uﬁ)a,%(Pw)
Thus,
1) when P, € (0, P} 4], a’g}g(P) and 8M§IED =) are negative,
2) when P, € [Pf;, Doy 2uslP) apng PMEEP) gre
positive.
MSE, (P) is continuous in P4, non-increasing in (0, P} ], and
non-decreasing in [P} ;, FE“) thus MSE, (P) is quasiconvex

with respect to Py in Pd (Chapter 3.4.2, [44)).
Further, as P,; = P ; is the unique solution for
0 in Py, Py ; is the unique minimizer of MSE, (P), and

Ptot

OMSE, (P)
ap, =

Py = (37)

(CmPtotOCi‘FU,%(P—n)Td)Ug
Ta+ |74 (

c,{PtOtoci+c712)) o2(P_x)

APPENDIX: PROOF OF THEOREM 2

We prove the theorem in two steps. First we show that £(P)
is a contraction mapping on PIXK if its Fréchet derivative
F(P) defined in (30) (i.e., the Jacobian) satisfies ||F(P)|]; <
n < 1 on PlXK , and then we show that this condition is in
turn equlvalent to (31).

For the first step we use the following two properties of the
infinity norm and the Fréchet derivative. First, for an arbitrary
vector A

IAF(P)[co < [|Al[co|[F(P)]]1-

Second, for any small € > 0 there exists a A(P7 €) > 0 such
that VA < A(P,¢),

IE(P + A) = £(P)[cc = [[AF(P)[|oc < €][Allo,

where the < and < relations between vectors are defined as
element-wise relations.
Using the above two properties, and assuming € = (1—17)/2

we obtain
[If(P + A) — £(P)[|c < [|AF(P)|[c + [|Af|oo(1 = 1) /2

< Ao [[FP)1 + [[Alloo (1 = n)/2

(a)

< [[Afleen + [[A[Joo (1 =1)/2 = || Alloo (1 + 1) /2
< [[Alloo;

where (1 + 7)/2 < 1 because < 1, and ||[F(P)|l1 < 7
is used in inequality (a). Thus, VP € P;*X there is a

(38)
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neigborhood given by A(
contraction mapping.

P,(1 — n)/2) where f(P) is a

To conclude the first step of the proof, we now show that
this relation extends to any two points P, P’ € PjXK For
this, let us first define A,,,,,;,,,(e) = infpefplxls A(P €) and
D = P’ — P. Clearly, for any D there is a positive integer N
such that D < A,in((1 —1)/2). Using these definitions,
we can write

||f(P+D) —f(P)] =

n —1
— <
Z (P+ D)~ f(P+"-D)| <
n: 0o
al 1 (®)
f(P + D—f( D) <
N
1—|—77
Z II* D)< D), (39)

where inequality (b) follows from applying (38) with A =
~ ~ D, for points P + * D where n goes from 1 to N. Note
that (39) shows that if HF( )1 < non Py*X then £(P) is

a contraction mapping on P;XK

For the second step of the proof observe that the condition

K
[P(P)[l = max}  [F(P)i;| <, (40)
i=1
can be reformulated as:
K
OP*(P_,
> % <n, Vs, (41)
k=1 k
since according to the proof of Lemma 4, % > (. The
left hand side of (41) can be written as
f’: OP:(P_) _ OP:(P_,) i o2 (P_,.) _
- =
1 8Pk 80'K (P N) P 8Pk
_OPIP) N~ o
s . 42
=90t (P > aad (42)
N . k=1k#k
ATy a
AT,

To calculate 77, we find it convenient to rewrite P} (P_,) as
follows:

Ptot/Td
TdcmaiPtOtUg-f-TgU%Ui (P_x)
Tg(cﬁaiPtOtJrag)a'i(P,,{)

Ptot/Td
cra Pt(,a,a'z—&-a'?o‘z (P_y)

2)-02(P)

Py (Px)

1+\/
HW

1
Ptot/Td

2 cra? PiotTa+o?2
14 Ju(o2(P))

Td

(43)



where we introduced:

1 2 2 2 2
0 Protoy, + 0,07 (P_y)

(Lewo2Prorra+02) - o2 (P_)
Td ~2 (P—H)
Td 2 (P—m)

Piot Ok _
) 02 ()
cnai + PO
uo2 (P_y)

4L

y(o2 @) 2

2
CrO, +

c.02Tqg

5— +

b

(44)

and

2
A CKOéKTd Td

. 45
Ptot ( )

Uy
2
9p

With this notation, we can now calculate 77:

OP:(P_.) Py 9
do7 (P_y) Td 9y (JE (P_,.i))
| oy(2 (P-.))
. - 902 (P_, B
A I
Liot 0 !
Td 6:’-/ (O'n (P_K)) 1+ y(g’% (P_K)>
) cry + go (Poy)
902 (P_,)  umo(P_.)
_ Dot —1
- .
2(1+/u(02(P-n))) 4 [u(02(P-))
—cpa?
ugoy (P_y)
_ Ptot Cnaz
= . 5
Td cra2+ 29 g2(P_,)
2.1+ \/ uN:EO(tPfﬂ)
1
. (46)
w2+ po2(P_y)
\/C - u,gtl:éo(tP_K,) : UKO'ﬁ (P—K)
>From (46), we finally get:
OP;(P_y)
do2 (P_.)
P e’/ ugo2 (P_,)
Ztot 5
Td 2( w02 (P_,.) \/cﬁaz + FLo? (Py))
1
. 47)
cwop + pon cop (Poy)

Substituting this expression into 73 of (42) we obtain the
statement of the theorem.
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