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Gábor Horváth · Miklós Telek

Received: date / Accepted: date

Abstract This paper presents a matrix-analytic solution for second-order
Markov fluid models (also known as Markov-modulated Brownian motion)
with level-dependent behavior. A set of thresholds is given, that divide the
fluid buffer into homogeneous regimes. The generator matrix of the back-
ground Markov chain, the fluid rates (drifts) and the variances can be regime
dependent.

The model allows the mixing of second-order states (with positive variance)
and first-order states (with zero variance) and states with zero drift. The
behavior at the upper and lower boundary can be reflecting, absorbing, or the
combination of them.

In every regime the solution is expressed as a matrix-exponential combina-
tion, whose matrix parameters are given by the minimal non-negative solution
of matrix quadratic equations, that can be obtained by any of the well-known
solution methods available for quasi birth death processes (QBDs).

The probability masses and the initial vectors of the matrix exponential
terms are the solutions of a set of linear equations. However, to have the nec-
essary number of equations, new relations are required for the level boundary
behavior, relations that were not needed in first-order level dependent and in
homogeneous (non-level-dependent) second-order fluid models.

The presented method can solve systems with hundreds of states and hun-
dreds of thresholds without numerical issues.
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1 Introduction

First-order Markov fluid models (or simply Markov fluid models) are
queueing models where the queue length is continuous and the rate
at which the queue length (also referred to as fluid level) changes is
modulated by a background continuous time Markov chain (CTMC).
These fluid models have been applied successfully in many applica-
tion areas e.g., [Hohn et al(2004)Hohn, Veitch, Papagiannaki, and Diot,
Stanford et al(2005)Stanford, Latouche, Woolford, Boychuk, and Hunchak].
Several solution methods exist to obtain the stationary distribution of the
fluid level (eigenvalue decomposition based [Karandikar and Kulkarni(1995)],
Schur decomposition based [Akar and Sohraby(2004)], matrix-analytic
[Ramaswami(1999),da Silva Soares and Latouche(2006)], invariant subspace
[Akar and Sohraby(1997)], etc.). The basic infinite buffer homogeneous model
has been extended in several ways, e.g., finite buffer and level-dependent
variants, and the associated analytical description and numerical methods
also appeared in the literature e.g., [da Silva Soares and Latouche(2009),
Bekker et al(2009)Bekker, Boxma, and Resing,Bean and O’Reilly(2008)].

The second-order Markov fluid models (also known as Markov-modulated
Brownian motion) can be viewed as an extension as well. In these models the
fluid level does not change linearly, but has a Brownian motion component,
whose variance can be state dependent. While the first results investigat-
ing this system appeared relatively early [Rogers(1994),Asmussen(1995),
Karandikar and Kulkarni(1995)], solutions avoiding the numerically de-
manding eigenvalue decomposition and complex arithmetic by extending
the matrix-analytic methods towards second-order models appeared only
recently. Results for the stationary analysis of the finite case also exists
[Gribaudo et al(2008)Gribaudo, Manini, Sericola, and Telek,Ivanovs(2010),
Latouche and Nguyen(2015a)], but for the level-dependent case only transient
results are available [Chen et al(2002)Chen, Hong, and Trivedi].

In this paper we consider second-order Markov fluid models with level-
dependent behavior for two main reasons. On the one hand, the pres-
ence of active queue management [Le et al(2007)Le, Aikat, Jeffay, and Smith]
in some telecommunication systems motivate the solution of such models,
and on the other hand, the stationary analysis of first-order piecewise con-
stant level dependent fluid models is known, but it is unknown for sec-
ond order fluid models. The proposed solution follows the matrix-analytic
method, the stationary solution is expressed as a matrix-exponential com-
bination in every regime. One of the contributions of the paper is that
the computations of the required characteristic matrices are mapped to the
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minimal non-negative solutions of matrix quadratic equations, for which
well established, quadratically convergent, numerically stable, well-known
solution methods are available [Bini et al(2005)Bini, Latouche, and Meini],
while previous solution methods were restricted to specific linearly
convergent iterative schemes [Breuer(2012)] or spectral decomposition
[Karandikar and Kulkarni(1995)] up to very resent superlinear results
[Latouche and Nguyen(2015b),Ahn and Ramaswami(2017)]. Based on the
characteristic matrices, the missing elements of the stationary solution, the
probability masses and the stationary densities at region borders, are obtained
as the solutions of a linear system. However, to obtain this linear system, as the
second main contribution of the paper, we needed to establish a new relation
between the densities below and above the borders of homogeneous regions.
This new relation was not considered before, because it is not necessary for
the stationary solution of level-independent second-order Markov fluid models
[Ivanovs(2010)].

The rest of the paper is organized as follows. Section 2 presents the matrix-
analytic solution of simple infinite second-order fluid models. The technique to
obtain the matrix parameters of the solution by the analysis of a special QBD is
introduced here as well. Section 3 extends the results to the homogeneous finite
buffer case. The level-dependent extension is discussed in Section 4, where the
new relations characterizing the fluid behavior around the level boundaries
are also presented. Finally, Section 5 closes the paper with some numerical
examples demonstrating that the presented procedure is able to solve large
systems with hundreds of states and hundreds of thresholds as well.

2 Infinite buffer second-order Markov fluid models

Second-order Markov fluid models are two-dimensional processes
{X (t),Z(t), t ≥ 0}, where Z(t) is an irreducible background CTMC
with generator Q and state space S, and X (t) represents the level of the fluid
in a buffer. When the CTMC stays in state i in (t, t+∆), the increment of X (t)
is normally distributed with mean ri∆ and variance σ2

i∆. Diagonal matrices
R and S contain the drift and variance parameters, hence R = diag〈ri〉 and
S = diag〈σ2

i /2〉 (the variances are divided by 2 in order to make the arising
expressions simpler).

Let us denote the stationary fluid level density by vector f(x) =
[fi(x), i ∈ S], defined by fi(x) = limt→∞

d
dxP (X (t) < x,Z(t) = i). The

probability mass accumulating at level 0 and state i is denoted by pi =
limt→∞ P (X (t) = 0,Z(t) = i). f(x) satisfies the differential equation for x > 0
[Karandikar and Kulkarni(1995), Eq. (21)]

d

dx
f(x)R− d2

dx2
f(x)S = f(x)Q, (1)

and the boundary equation [Karandikar and Kulkarni(1995), Eq. (22)]

f(0)R− f ′(0)S = pQ. (2)
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The behavior at the boundary in (first-order) Markov fluid models is well
defined: a probability mass can accumulate in states with non-positive rate,
while the mass is zero in states with positive rates. In the second-order case,
however, two different boundary behaviors are distinguished in the literature,
the reflecting [Cox and Miller(1972), Section 5.7.ii], and the absorbing bound-
ary [Cox and Miller(1972), Section 5.7.i].

– If state i with σi > 0 (also referred to as second-order state) is reflecting at
the boundary then the probability mass is zero in state i (that is pi = 0).

– If a second-order state i is absorbing at the boundary then probability mass
can accumulate (pi > 0) but the density at level 0 is zero (fi(0) = 0).

The state space S is partitioned according to the sign of the rates and
variances as follows:

– S+ = {i ∈ S : ri > 0, σ2
i = 0},

– S− = {i ∈ S : ri < 0, σ2
i = 0},

– S0 = {i ∈ S : ri = 0, σ2
i = 0},

– Sσ+ = {i ∈ S : ri > 0, σ2
i > 0},

– Sσ− = {i ∈ S : ri < 0, σ2
i > 0},

– Sσ0 = {i ∈ S : ri = 0, σ2
i > 0},

and Sσ = Sσ+ ∪ Sσ− ∪ Sσ0 gathers the second-order states. Hence, we have
that S = S+∪Sσ ∪S−∪S0 and without loss of generality we assume that the
states are ordered according to this subset partitioning. To avoid degenerate
cases we assume that S+ ∪ Sσ+ 6= ∅ and S− ∪ Sσ− 6= ∅.

2.1 The stationary solution

First we establish the relation between the stationary behavior in the zero
states, i ∈ S0 and the rest of the state space S? = S \S0. With the given state
ordering the generator has a block structure

Q =

[
Q?? Q?0

Q0? Q00

]
, (3)

by which differential equation (1) can be partitioned to

f0(x) = f?(x)Q?0(−Q00)−1, (4)

d

dx
f?(x)︸ ︷︷ ︸
f̄(x)

R?︸︷︷︸
R̄

− d2

dx2
f?(x)︸ ︷︷ ︸
f̄(x)

S?︸︷︷︸
S̄

= f?(x)︸ ︷︷ ︸
f̄(x)

(
Q?? + Q?0(−Q00)−1Q0?

)︸ ︷︷ ︸
Q̄

. (5)

As reflected by (5) and the introduced notations with upper bar, the dif-
ferential equation governing the restricted system with the zero rates censored
out are similar to (1). Knowing f̄(x), the density of the original (non-censored)
system can be recovered by

f(x) =
[
f̄(x) f0(x)

]
= f̄(x)

[
I Q?0(−Q00)−1

]︸ ︷︷ ︸
Z

, (6)
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where the size of Z is |S?| × |S|.
In the rest of the section we focus on the solution of (5). It is assumed that

in the restricted system the ordering of the states is S+,Sσ+,Sσ0 ,Sσ−,S−.
From e.g. [Ivanovs(2010)], it is known that f̄(x) can be expressed in a

matrix-exponential form, where the order of the matrix-exponential equals
|S•| with S• = S+ ∪ Sσ [Karandikar and Kulkarni(1995), Theorem 4.]. Thus,
the solution can be transformed into the following form

f̄(x) = πeKx
[

I Ψ
]
, (7)

where the size of K is |S•| × |S•| and the size of Ψ is |S•| × |S−|. The form
of the solution is the same as in first order fluid models, therefore we used
the same notations for the matrices. It is important to note, however, that
matrices K and Ψ do not have the same elegant probabilistic interpretations
as they have in [Ramaswami(1999)] for the first order case.

In order to fully characterize the stationary behavior, it remains to obtain

– matrices K and Ψ,
– vector π,
– and the vector of probability masses at level 0 p.

2.2 Computing matrices K and Ψ

Substituting the solution (7) into the differential equation (5) gives

KR̄• −K2S̄• = Q̄•• + ΨQ̄−•, (8)

KΨR̄−−K2ΨS̄−︸ ︷︷ ︸
0

= Q̄•− + ΨQ̄−−, (9)

where S̄− = 0 has been exploited.
In the first-order case, when Sσ = ∅, equations (8) and (9) are easy to solve:

expressing K from (8) and inserting the result into (9) leads to the well-known
matrix Riccati equation for matrix Ψ. In the second-order case, however, Ψ
and K can not be obtained this way. Instead, a special QBD Markov chain is
introduced, and the fundamental matrix of this QBD will provide matrices Ψ
and K.

The regular part of the block-tri-diagonal generator of QBDs are charac-
terized by three matrices: the transition rates corresponding to level-forward
(F), local (L) and level-backward (B) transitions. In our case, these matrices
are defined as

F =

[
1
c Q̄•• + R̄• + cS̄•

1
c Q̄•−

0 0

]
,

L =

[
−R̄• − 2cS̄• 0

1
c Q̄−•

1
c Q̄−− + R̄−

]
,

B =

[
cS̄• 0
0 −R̄−

]
,

(10)
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where c is an arbitrary constant such that

c > max

(
1, max

i∈S+

|q̄ii|
r̄i

, max
i∈Sσ

1

2s̄i
(
√
r̄2
i + 4s̄i|q̄ii| − r̄i)

)
. (11)

When the variance is positive in all states, Sσ = S and S+ = S− = ∅, then
F, L and B reduces to the upper left blocks in (10).

Observe that these matrices define a proper QBD, since due to (11)

1

c
Q̄++ + R̄+ > 0, (12)

1

c
Q̄σσ + R̄σ + cS̄σ > 0, (13)

hold, hence 1
c Q̄••+ R̄•+ cS̄• (and therefore F) is non-negative. Furthermore,

due to (11), −R̄σ− − 2cS̄σ− < 0 holds, hence −R̄• − 2cS̄• (and therefore L)
is a valid sub-generator. The non-negativity of B is straightforward. It can be
checked that the row-sum of F + L + B is zero as well.

Let 1 denote the column vector of ones of appropriate size. The condition
of stability of the fluid system is, αR̄1 < 0, where αQ̄ = 0 and α1 = 1. In the
rest of the section we assume stable (positive recurrent) infinite buffer system.
The condition of stability of the QBD is, γB1 > γF1, where γ(B+L+F) = 0
and γ1 = 1.

Lemma 1 The fluid system is positive recurrent iff the QBD is positive re-
current.

Proof α = γ, because B+L+F = Q̄/c. Using Q̄••1+Q̄•−1 = 0, γB1 > γF1
simplifies to γ•R̄•1+ γ−R̄−1 < 0, which is identical with αR̄1 < 0.

Theorem 1 The minimal non-negative solution of the matrix-quadratic equa-
tion F +RL +R2B = 0 is

R =

[
1
cK + I Ψ

0 0

]
. (14)

Proof Substituting the solution gives identity for the matrix equations (8),
(9). Due to the stability of the QBD, the eigenvalues of R are in the open unit
disc. The eigenvalues of 1

cK are obtained from the eigenvalues of R shifted to
the left by one. As a result the eigenvalues of 1

cK as well as the eigenvalues of
K have negative real part. According to [Karandikar and Kulkarni(1995)] the
number of eigenvalues which contribute to the matrix exponential solution is
|S•|, which equals the size of K.

As a consequence of the stability condition, K is invertible, because the
real part of its eigenvalues are strictly negative.
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2.3 Computing vectors π and p

To fully characterize the stationary behavior, it remains to compute the length
|S| vector p and the length |S•| vector π based on the behavior around level
0. Let us partition the second-order states into two sub-sets, Sσ = SA ∪
SR, depending on the boundary behavior. If the fluid level hits 0 in SA, the
behavior is absorbing, which means that the level remains 0 till the background
process changes state. In states SR, however, the boundary is reflecting, when
the Brownian motion would go below 0, it is reflected to the positive domain.

To obtain the p and π parameters a set of linear equations is created as
follows.

– |S| equations are given by (2), hence

π
[

I Ψ
]
Z︸ ︷︷ ︸

f(0)

R− πK
[

I Ψ
]
Z︸ ︷︷ ︸

f ′(0)

S = pQ, (15)

where matrix Z is introduced by (6).
– |S+| equations express that the probability mass is zero in the positive

states,

pi = 0, for i ∈ S+. (16)

– |SR| equations express that the probability mass is zero in second-order
states with reflecting boundary behavior,

pi = 0, for i ∈ SR. (17)

– |SA| equations express that the density at the boundary is zero in second-
order states with absorbing boundary, thus(

π
[

I Ψ
]
Z
)
ei = 0, for i ∈ SA, (18)

where ei is the ith unit column vector whose only non-zero element is 1 at
position i.

The number of these equations matches the number of unknowns.

The obtained linear set of equations, (15)-(18), is either full rank and π = 0
and p = 0 is its only solution or rank deficient. In the later case, the additional
normalizing equation

p1+

∫ ∞
0

f(x) dx1 = p1+ π(−K)−1
[

I Ψ
]
Z1 = 1, (19)

makes the linear system full rank in case of single rank deficit (which is com-
monly assumed for non-degenerate systems [Karandikar and Kulkarni(1995)]).
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3 Finite buffer second-order Markov fluid models

The finite buffer variant of second-order Markov fluid model is defined in the
same way as the infinite buffer one and the only difference is that the fluid
level is upper bounded at level B. Between the boundaries the fluid level still
evolves according to the differential equation (1), however, besides equation
(2), which is still valid around level 0, a similar relation holds for the upper
boundary [Karandikar and Kulkarni(1995)]

−f(B)R + f ′(B)S = f(B)Q. (20)

3.1 Stationary solution

The states in S0 can be treated as in Section 2.1, hence we focus on the solution
of f̄(x), for x ∈ [0, B] in the sequel.

Just like in the first-order case, in the presence of an upper boundary the
stationary distribution is a matrix-exponential combination [Ivanovs(2010)],
that can be transformed to

f̄(x) = πfe
Kfx

[
I Ψf

]
+ πbe

Kb(B−x)
[
Ψb I

]
, (21)

which consists of a forward and a backward term denoted by subscript f and b,
respectively. The order of the forward matrix-exponential term is |S+|+ |Sσ|
and the order of the backward one is |S−|+ |Sσ|.

The parameters of the forward term can be determined as before: a QBD
is constructed based on the Q̄, R̄ and S̄ parameters according to (10), then
matrices Kf and Ψf can be extracted from the fundamental matrix of the
QBD. To obtain the matrices of the backward term, Kb and Ψb, the same
procedure has to be applied with Q̄,−R̄ and S̄ as input, since in the level
reverse process, −R̄ must be used instead of R̄. Note that, S+ becomes “S−”
in the level reverse process and consequently the c constants can be different
for the forward and backward cases.

The eigenvalues of both Kf and Kb are non-positive, however, depending
on the mean drift, one of them has a zero eigenvalue. In case of positive drift,
Kf has the zero eigenvalue, hence it can not be inverted; in case of negative
drift, it is matrix Kb that does not have an inverse. We neglect the zero drift
case for simplicity noting that the computation of Kf and Kb does not cause
any special difficulty in that case, but the solution of the obtained linear system
needs special treatment [Telek and Vécsei(2012)].

3.2 Obtaining the boundary vectors

The stationary distribution depends on four parameters in the finite buffer
case. Size |S| row vectors p(0) and p(B) are the probability masses at level 0 and
level B, respectively. The initial vectors of the matrix-exponential terms are
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πf and πb, with length |S+|+ |Sσ| and |S−|+ |Sσ|, respectively. Consequently,
the total number of unknowns corresponding to the boundaries are 3|S|+ |Sσ|.

If the second order states are partitioned according to the behavior at the
lower boundary as Sσ = SA0 ∪ SR0 and at the upper boundary as Sσ =
SAB ∪ SRB , the equations for the unknowns are

– |S| equations for the lower boundary, given by (2),

(πf
[

I Ψf

]
+ πbe

KbB
[
Ψb I

]
)Z︸ ︷︷ ︸

f(0)

R

− (πfKf

[
I Ψf

]
− πbKbe

KbB
[
Ψb I

]
)Z︸ ︷︷ ︸

f ′(0)

S = p(0)Q.
(22)

– |S| equations for the upper boundary, given by (20),

− (πfe
KfB

[
I Ψf

]
+ πb

[
Ψb I

]
)Z︸ ︷︷ ︸

f(B)

R

+ (πfKfe
KfB

[
I Ψf

]
− πbKb

[
Ψb I

]
)Z︸ ︷︷ ︸

f ′(B)

S = p(B)Q.
(23)

– |S+|+ |SR0 | equations expressing that the mass is zero at the lower bound-
ary

p
(0)
i = 0, for i ∈ S+ ∪ SR0 . (24)

– |S−|+|SRB | equations expressing that the mass is zero at the upper bound-
ary

p
(B)
i = 0, for i ∈ S− ∪ SRB . (25)

– |SA0 | equations for zero density in absorbing states at the lower boundary(
(πf

[
I Ψf

]
+ πbe

KbB
[
Ψb I

]
)Z
)
ei = 0, for i ∈ SA0 . (26)

– |SAB | equations for zero density in absorbing states at the upper boundary(
(πfe

KfB
[

I Ψf

]
+ πb

[
Ψb I

]
)Z
)
ei = 0, for i ∈ SAB . (27)

The total number of linear equations is 3|S| + |Sσ|, matching the number of
unknowns.

Similar to the infinite case, the normalization condition,

p(0)1+ πf

∫ B

0

eKfx dx
[

I Ψf

]
Z1+ πb

∫ B

0

eKbx dx
[
Ψb I

]
Z1+ p(B)1 = 1,

where we used that
∫ B

0
eKbx dx =

∫ B
0
eKb(B−x) dx, is necessary to make the

system full rank.
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In the finite case, however, care has to be taken when evaluating the inte-
grals. As mentioned earlier, either Kf or Kb can not be inverted, depending
on the mean drift. If we assume that Kb can not be inverted (that occurs when
the mean drift is negative) and the left- and right eigenvectors corresponding
to the zero eigenvalue are denoted by ` and r (and are normalized such that
` · r = 1), the closed form solution for the integral is∫ B

0

eKbx dx = (−Kb + r · `)−1
(
I− eKbB

)
+B r · `. (28)

4 Level-dependent second-order fluid models

In the level-dependent system there is a set of thresholds Tk, k =
0, . . . ,K, with T0 = 0 and TK = B. These K + 1 thresholds divide
the fluid buffer into K regimes. The system parameters are constant in
each regime. The existence and the uniqueness of this model is provided
by [Bass and Pardoux(1987),Stroock and Varadhan(2007)] for the case when

σ
(k)
i > 0 (∀i ∈ S,∀k ∈ {0, . . . ,K}) and by [Cox and Miller(1972), Section

5.7.ii] and [Cox and Miller(1972), Section 5.7.i] for the lower and upper buffer
limit with reflecting and absorbing boundary behaviour, respectively. The case

when σ
(k)
i > 0 and σ

(k+1)
i = 0 behaves as if T−k was an upper boundary of the

process in region k with reflecting or absorbing boundary, which is a model
parameter similar to the boundary behaviour at the lower and upper buffer
limit. If the fluid level falls into regime k, thus X (t) ∈ (Tk−1, Tk), the evolution
of the process is governed by generator Q(k), drift matrix R(k) and variance

matrix S(k), with state groups S+(k)
, S−(k)

, S0(k)
, Sσ+(k)

, Sσ−(k)
, Sσ0 (k), for

k = 1, . . . ,K. To avoid degenerate cases we assume that Q(k) is irreducible,

S+(k) ∪ Sσ+(k) 6= ∅, S−(k) ∪ Sσ−(k) 6= ∅ and the mean drift in regime k is
non-zero for k = 1, . . . ,K. In regime k, x ∈ (Tk−1, Tk), the stationary density
of the fluid level satisfies the differential equation

d

dx
f (k)(x)R(k) − d2

dx2
f (k)(x)S(k) = f (k)(x)Q(k). (29)

According to [Chen et al(2002)Chen, Hong, and Trivedi, Sec. 3], for the
regime boundaries we have that

p(k)Q̃(k) =


f (1)(0+)R(1) − f ′(1)(0+)S(1) if k = 0,

f (k+1)(Tk+)R(k+1) − f ′(k+1)(Tk+)S(k+1)

− f (k)(Tk−)R(k) + f ′(k)(Tk−)S(k) if 0 < k < K,

−f (K)(B−)R(K) + f ′(K)(B−)S(K) if k = K,

(30)

holds. Matrices Q̃(k), k = 0, . . . ,K are the generators of the background pro-
cess right at the thresholds. According to the left hand side of (30), the Q̃(k)
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matrices play role in the stationary behaviour only when probability mass
develops at Tk.

Figure 1 presents possible combinations of the fluid rates below and above
an internal threshold (Tk, k = 1, . . . ,K − 1). There are some combinations of
fluid rates that are ambiguous (marked with gray background in Figure 1).
These cases are called repulsive in the literature and they can be treated by
defining fluid rates right on the threshold to decide how the fluid buffer behaves
when two contradicting directions are assigned below and above the threshold
(see e.g. [Gribaudo et al(2008)Gribaudo, Manini, Sericola, and Telek]). In this
paper, however, for notional simplicity we exclude such situations.

4.1 Stationary solution

The treatment of states in S0 is the same as in Section 2.1. However, it has to
be applied in each regime separately as the set of zero states can be different.
As a consequence, matrix Z(k) introduced by (6) to recover the full density
vector from the one censored to non-zero states, is also regime dependent.

Like in case of the level dependent first-order fluid models, the density
vector is a piece-wise matrix-exponential combination, thus, for regime k we
have that

f̄ (k)(x) = π
(k)
f eK

(k)
f (x−Tk−1)

[
I Ψ

(k)
f

]
+ π

(k)
b eK

(k)
b (Tk−Tk−1−x)

[
Ψ

(k)
b I

]
, (31)

where the matrices K
(k)
f ,K

(k)
b ,Ψ

(k)
f and Ψ

(k)
b are obtained for each regime

separately by solving the corresponding QBD for the level forward and the
level reversed processes, respectively.

In each regime, at least one of K
(k)
f or K

(k)
b has a zero eigenvalue, hence is

not invertible, and needs to be handled according to (28).

4.2 The boundary equations at the thresholds

The real challenge in the analysis of level-dependent second-order fluid models

is the solution of the missing parameters, p(k) for k = 0, . . . ,K, and π
(k)
f , π

(k)
b

for k = 1, . . . ,K. The total number of unknowns is (K+1)|S|+
∑K
k=1 |S+(k)|+∑K

k=1 |S−
(k)| + 2

∑K
k=1 |Sσ

(k)|. For finding the required number of equations
we need to introduce new relations, which were not necessary in the analysis of
the homogeneous infinite and finite cases discussed before. The required new
relation is provided by the next theorem.

Theorem 2 If the variance associated with state i is positive both below and
above internal threshold Tk, it holds that

f
(k)
i (Tk−)

√
s

(k)
i = f

(k+1)
i (Tk+)

√
s

(k+1)
i , ∀i ∈ Sσ(k) ∩ Sσ(k+1). (32)
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An intuitive explanation of the theorem is as follows. Consider a Brownian
particle with rate µ and variance σ2. In (0, t), the displacement of the particle
due to the rate is proportional with |µ|t and the displacement due to the vari-
ance is proportional with σ

√
t. Additionally, state transition of the modulating

Markov chain with rate λ occurs with probability λt. Consequently, for small t
the variance term, which is proportional with

√
t, dominates the behaviour and

the other terms, which are proportional with t, vanish. Considering boundary

Tk with r
(k)
i = r

(k+1)
i = 0, Q̃

(k)
ii = 0, σ

(k)
i = σ

(k+1)
i = σ we have a regular

Brownian motion around Tk, with f
(k)
i (Tk−) = f

(k+1)
i (Tk+). If we rescale the

axes above Tk by c then for the rescaled system we get σ
(k)
i = cσ

(k+1)
i and

f
(k)
i (Tk−) = cf

(k+1)
i (Tk+).

Below we prove the theorem by the convergence of properly defined first
order fluid models to a second order one.

Proof The proof is based on the convergence of the associated flip-
flop queue to the level dependent Markov modulated Brownian mo-
tion. Flip-flop queues have been studied in [Latouche and Nguyen(2015b),
Latouche and Nguyen(2015a)]. Flip-flop queues are ordinary (first-order) fluid
queues with generator and fluid rate matrices given by

T =

[
Q− (1/ε2)I (1/ε2)I

(1/ε2)I Q− (1/ε2)I

]
, C =

[
R +

√
2S/ε

R−
√

2S/ε

]
. (33)

The flip-flop queue converges weakly to a second-order fluid model with param-
eters Q,R and S as ε→ 0. Let the stationary density function of the flip flop
queue be gε(x), which, due to the block structure of the parameters consists of
two parts, gε(x) =

[
ĝε(x) ǧε(x)

]
. The sum of the two parts provide the density

function of the second-order fluid model, that is limε→0 ĝε(x) + ǧε(x) = f(x).
The difference between ĝε(x) and ǧε(x) can be derived using the formu-

las (16), (17), (20), (45) and (46) available in [Latouche and Nguyen(2015b)],
leading to

lim
ε→0

ĝε(x)− ǧε(x)

ε
= − 1√

2
f ′(x)

√
S. (34)

Let us now investigate how the flip-flop queue, and, in limit, the Markov-
modulated Brownian motion behaves when its drift and variance changes when
crossing the threshold at Tk. Since flip-flop queues are first-order fluid models,
their behavior is characterized by

g(k)
ε (Tk−)C(k) − g(k+1)

ε (Tk+)C(k+1) = 0,

which is the special case of the boundary equation (30) with S(k) = S(k+1) = 0,

such that g
(k)
ε (x) is the density and C(k) is the rate matrix. The right hand size

of this boundary equation is zero because no probability mass is accumulated
at the threshold due to the strictly positive and negative rates in the first and
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second set of states (with sufficiently small ε), respectively. Based on the block
structure of C we have

0 =
[
ĝ

(k)
ε (Tk−) ǧ

(k)
ε (Tk−)

] [R(k)+
√

2S(k)/ε

R(k)−
√

2S(k)/ε

]

−
[
ĝ

(k+1)
ε (Tk+) ǧ

(k+1)
ε (Tk+)

] [R(k+1)+
√

2S(k+1)/ε

R(k+1)−
√

2S(k+1)/ε

]
,

(35)

that defines two equations for ĝε(x) and ǧε(x). Summing the two equations
and taking the limit ε→ 0 we get

0 = lim
ε→0

(ĝ(k)
ε (Tk−) + ǧ(k)

ε (Tk−))︸ ︷︷ ︸
f(k)(Tk−)

R(k) + lim
ε→0

1

ε
(ĝ(k)
ε (Tk−)− ǧ(k)

ε (Tk−))︸ ︷︷ ︸
−f ′(k)(Tk−)

√
S(k)/2

√
2S(k)

− lim
ε→0

(ĝ(k+1)
ε (Tk+) + ǧ(k+1)

ε (Tk+))︸ ︷︷ ︸
f(k+1)(Tk+)

R(k+1)

− lim
ε→0

1

ε
(ĝ(k+1)
ε (Tk+)− ǧ(k+1)

ε (Tk+))︸ ︷︷ ︸
−f ′(k+1)(Tk+)

√
S(k+1)/2

√
2S(k+1),

which reproduces (30) for 0 < k < K. Taking the difference of the two equa-
tions of (35) gives

0 = (ĝ(k)
ε (Tk−)− ǧ(k)

ε (Tk−))R(k) + (ĝ(k)
ε (Tk−) + ǧ(k)

ε (Tk−))
1

ε

√
2S(k)

−(ĝ(k+1)
ε (Tk+)−ǧ(k+1)

ε (Tk+))R(k+1)−(ĝ(k+1)
ε (Tk+)+ǧ(k+1)

ε (Tk+))
1

ε

√
2S(k+1),

which, multiplying by ε and decreasing ε to 0, provides the theorem.

Below we list the linear equations that provide the probability masses at
the thresholds and the initial vectors of the matrix exponential terms of the
density functions.

– Following the same pattern as in Section 3.2, for the lower (at T0) and

upper (at TK) boundaries 2|S|+ |S+(0)|+ |Sσ(0)|+ |S−(K)|+ |Sσ(K)| linear
equations can be obtained.
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– For the densities in region k (0 < k < K) we have (30), that is

p(k)Q̃(k)

= (π
(k+1)
f

[
IΨ

(k+1)
f

]
+ π

(k+1)
b eK

(k+1)
b (Tk+1−Tk)

[
Ψ

(k+1)
b I

]
)Z(k+1)︸ ︷︷ ︸

f(k+1)(Tk+)

R(k+1)

−(π
(k+1)
f K

(k+1)
f

[
IΨ

(k+1)
f

]
−π(k+1)

b K
(k+1)
b eK

(k+1)
b (Tk+1−Tk)

[
Ψ

(k+1)
b I

]
)Z(k+1)︸ ︷︷ ︸

f ′(k+1)(Tk+)

S(k+1)

− (π
(k)
f eK

(k)
f (Tk−Tk−1)

[
IΨ

(k)
f

]
+ π

(k)
b

[
Ψ

(k)
b I
]
)Z(k)︸ ︷︷ ︸

f(k)(Tk−)

R(k)

+ (π
(k)
f K

(k)
f eK

(k)
f (Tk−Tk−1)

[
IΨ

(k)
f

]
− π(k)

b K
(k)
b

[
Ψ

(k)
b I
]
)Z(k)︸ ︷︷ ︸

f ′(k)(Tk−)

S(k),

(36)

providing (K − 1)|S| further linear equations.
– Figure 1 lists all possible state combinations appearing at an internal

threshold. The ones marked with M lead to probability mass accumulating
at the threshold. For the rest of the states, however, we have that

p
(k)
i = 0. (37)

The number of such states (and the related equations) is |S| − |S0(k)| −
|S0(k+1)|+ |S0(k) ∩ S0(k+1)| − |S+(k) ∩ S−(k+1)|.

– If the threshold behavior in a given state falls into ”Class 2” in Figure 1,

then Theorem 2 applies, thus f
(k)
i (Tk−)

√
s

(k)
i = f

(k+1)
i (Tk+)

√
s

(k+1)
i . If

the threshold behavior in a given state falls into ”Class 3” or ”Class 4” in
Figure 1, then it will behave as an absorbing state: whenever the Brownian
motion reaches the threshold, it stops there immediately, and the stationary
density of the Brownian motion next to the threshold is zero. The neighbor
regime either moves away the fluid level from the threshold (Class 3), or
sticks the fluid level to the threshold (Class 4). Since in these cases the
density at one side of the threshold and the the variance at the other side
of the threshold are zero the boundary equation formally satisfies (32). As
a result, for all of the ”Class 2”, ”Class 3” and ”Class 4” cases we have

(π
(k)
f eK

(k)
f (Tk−Tk−1)

[
IΨ

(k)
f

]
+ π

(k)
b

[
Ψ

(k)
b I
]
)Z(k)︸ ︷︷ ︸

f(k)(Tk−)

√
S(k) =

(π
(k+1)
f

[
IΨ

(k+1)
f

]
+π

(k+1)
b eK

(k+1)
b (Tk+1−Tk)

[
Ψ

(k+1)
b I

]
)Z(k+1)︸ ︷︷ ︸

f(k+1)(Tk+)

√
S(k+1).

(38)



Matrix-analytic solution of second-order fluid models 15

It can be checked in Figure 1 that all states are affected except those where
σi = 0 and ri > 0 in the lower regime, those where σi = 0 and ri < 0 in
the upper regime, and the zero-zero transition (last case in ”Class 1”).

Therefore the number of equations is |S| − |S+(k)| − |S−(k+1)| + |S+(k) ∩
S−(k+1)|−|S0(k)∩S0(k+1)|, which equals −|S|+|S−(k)|+|S0(k)|+|Sσ(k)|+
|S+(k+1)|+ |S0(k+1)|+ |Sσ(k+1)|+ |S+(k) ∩ S−(k+1)| − |S0(k) ∩ S0(k+1)|.

– If the threshold behavior in a given state falls into ”Class 5” in Figure 1,
then it will behave as a reflecting state: whenever the Brownian motion
crosses the threshold the other regime pushes it back, as in case of a re-
flecting boundary. There is no mass in these states, but there is a positive
density next to the threshold.

Summing up the number of equations, from (37) and (38) we get |S−(k)|+
|Sσ(k)|+ |S+(k+1)|+ |Sσ(k+1)| equations for each internal threshold. The total

number of equations is therefore (K + 1)|S|+
∑K
k=1 |S+(k)|+

∑K
k=1 |S−

(k)|+
2
∑K
k=1 |Sσ

(k)|, that matches the number of unknowns.
To make the linear set of equations full rank, the normalization condition

has to be taken into consideration as well, hence equation

1 =
K∑
k=0

p(k)1+

K∑
k=1

π
(k)
f

∫ Tk−Tk−1

0

eK
(k)
f x dx

[
I Ψ

(k)
f

]
Z(k)1

+

K∑
k=1

π
(k)
b

∫ Tk−Tk−1

0

eK
(k)
b x dx

[
Ψ

(k)
b I

]
Z(k)1

has to be added. The integrals can be evaluated as in Section 3.2.

4.3 Infinite buffer case

The level dependent infinite buffer second order Markov fluid model, thus
TK =∞, can also be solved with slight modifications. For the stability of this
model the drift in the last (infinite) regime should be negative. In this case the
density function in the last regime consists of a single matrix-exponential term
(with strictly negative eigenvalues like in (7)) instead of the matrix-exponential
combination (like in (31)), but formally the solution can be obtained by re-
placing the linear equations related to the upper boundary with p(K) = 0 and

π
(K)
b = 0.

5 Numerical experiments

The presented procedures have been implemented in Matlab en-
vironment and are available to download1. The implementation

1 The implementation can be downloaded from http://www.hit.bme.hu/~ghorvath/

software
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Class 1: First-order – first-order:

M M M M

Class 2: Second-order – second-order:

Class 3: Second-order – first-order, absorbing behavior without mass:

Class 4: Second-order – first-order, absorbing behavior with mass:

M M M M M M

Class 5: Second-order – first-order, reflexting behavior:

Fig. 1 All possible combinations of drift and variance changes at the internal threshold Tk.
The arrows indicate the fluid behavior below and above the threshold. E.g., the last Class 5

pictogram refers to the case r
(k)
i > 0, σ

(k)
i = 0, r

(k+1)
i = 0, σ

(k)
i > 0 (the horizontal arrow is

implicitly related with the upper region). The last two pictograms of Class 4 are interpreted

form left to right and the last one refers to r
(k)
i = 0, σ

(k)
i = 0, r

(k+1)
i = 0, σ

(k)
i > 0.

uses the Cyclic Reduction algorithm of the SMCSolver toolbox
[Bini et al(2006)Bini, Meini, Steffé, and Van Houdt] to solve the arising
matrix quadratic equation.

5.1 Example of an ATM multiplexer from
[Chen et al(2002)Chen, Hong, and Trivedi]

We first compute the stationary distribution of the example whose transient
behaviour is studied in [Chen et al(2002)Chen, Hong, and Trivedi]. This ex-
ample is related to a telecommunication application, to the analysis of an
ATM multiplexer. The ATM multiplexer is fed by L independent, identical
on-off sources. In the ”on” state each source emits high priority ATM cells at
rate λ0 and low priority marked cells at rate λ1. If the buffer level is above a
given threshold b, marked cells are dropped.

Most parameters are taken from [Chen et al(2002)Chen, Hong, and Trivedi]:
The transition rate from ”off” state to ”on” state is 1, from ”on” to ”off” it
is 0.4. The fluid rates are λ0 = 1 Mbits/s and λ1 = 0.5 Mbits/s. The service
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Fig. 2 State-dependent density function of the fluid level

capacity is c = 1.1 Mbits/s, hence the fluid rate matrices for L = 2 are

R(1) =

−1.1
0.4

1.9

 , R(2) =

−1.1
−0.1

0.9

 . (39)

The buffer size b is 10 Mbits, while the threshold is set to 3 Mbits. The
variances are 0.2 in all states below the threshold, and, different from
[Chen et al(2002)Chen, Hong, and Trivedi], they are 0.1 above the threshold
(in [Chen et al(2002)Chen, Hong, and Trivedi] the variances are level indepen-
dent).

Figure 2 depicts the state dependent density function in case of L = 2.
Since all states are second-order states in this example, the density function is
non-zero around the threshold b = 3, but the discontinuity is clearly visible. It
can also be observed that a considerable amount of probability is concentrated

around the threshold in state 2, which is due to the fact that r
(1)
2 > 0 and

r
(2)
2 < 0.

In the next experiment the variance matrices S(1) and S(2) are multiplied
by a scaling factor and the mean queue length is investigated. The results
are shown in Figure 3. As it is indicated by the plot the mean queue length
increases with the variance significantly.

5.2 Scalability of the solution method

Next we investigate the scalability of the solution method. Figure 4 presents
the execution time as the function of the number of states. The number of
states is varied by the L parameter, thus the number of individual on-off
sources feeding the queue. The computational bottleneck in this case is the
solution of the matrix-quadratic equations providing the K matrices. Accord-
ing to the results the algorithms used in SMCSolver toolbox are able to cope
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Fig. 3 The mean fluid level as the function of the variance
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Fig. 4 Analysis time as the function of |S|

with very large matrices in a couple of seconds as well. (The measurements
have been made on an average PC with a CPU clocked at 3.4 GHz and 4 GB
of memory.)

Finally, Figure 5 shows the execution time as the function of the number
of thresholds. The model size is kept fixed, the background process consists of
L = 10 on-off sources and we increase the number of equidistant thresholds.
With a large number of thresholds the computational bottleneck is the solution
of the linear system giving the masses and the initial vectors of the matrix-
exponential densities.
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Fig. 5 Analysis time as the function of the number of thresholds
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