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Abstract.

In the paper we address the problem of determining the optimal time to renew a
system when it experiences so called soft failures because of aging. It is assumed that
crash failures, which reduce the service rate to 0 immediately, do not occur. However,
the service rate of the examined system gradually decreases with time and settles
to a very low value. Since the performance in this state is very low, it is necessary
to “renew” the system to its peak performance level. We analyze this model for two
different queueing policies under Poisson arrivals and decreasing service rate.

Key words: Queue with Slowly Degrading Service Rate, Markov Decision Process,
Optimal Stopping Problem

1. Introduction

Performance of real systems such as computer or communication sys-
tems is often decreasing with the time. The two main cases are of this
performance reduction are termed crash and soft failures. The first
one means an instantaneous reduction of the system performance from
a “high” level to 0, while the second one means a graceful degrada-
tion to 0 (or to an unacceptable level). To increase the performance
of this kind of systems preventive or corrective maintenance is consid-
ered to be one of the key strategies. In general, maintenance consists of
periodically stopping the system, and restarting it after doing proper
maintenance, that restores the peak performance level. Some cost is
unavoidable since the system has to be stopped and it is unavailable
during the maintenance. The arising optimization problem is to find
the optimal maintenance policy, the policy that minimizes a certain
cost function.

A motivating example of this model is the problem of optimal renew-
al, referred to as rejuvenation, of server software. Monitoring real soft-
ware applications showed that software “ages” when it is run, i.e. its
performance decreases. Memory bloating, unreleased file-locks, data
corruption are the typical causes of slow degradation. Software reju-
venation involves periodically stopping the system, cleaning up, and
restarting it from its peak performance level.
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System failures due to imperfect software behaviour are usually more
frequent than failures caused by hardware components’ faults (Chillarege
et al., 1995). With the increasing complexity of systems software fault
tolerant software has become an effective alternative to virtually impos-
sible fault-free software. Former works on fault tolerant software con-
sidered only crash failures. Huang et. al. have suggested a technique
that is preventive in nature. It involves periodic maintenance of the
software so as to prevent crash failures (Huang et al., 1995). Garg et.
al. (Garg et al., 1995) have improved Huang’s model by allowing deter-
ministic rejuvenation time and provided an optimal rejuvenation policy
for the studied class of systems, regarding crash failures.

Wee (Wee, 1990) applies the technique of Markov decision processes
for the problem of determining the optimal maintenance schedule of
computer software. In his model the software has a random number
of errors, that cause failures with a predefined intensity. A mainte-
nance action consists of identifying all the failures occured since the
last maintenance, and removing the corresponding errors. The dam-
age caused by the failures and the maintenance have constant costs.
Assuming a constant discount factor, and that the maintenance phase
is infinite, efficient algorithms are developed to determine the optimal
maintenance epochs.

In this paper we focus on the problem of optimal maintenance of
slowly degrading systems (without crash failures), when the mainte-
nance results in the renewal of the system. We assume that the main-
tenance does not involve the removing of errors from the software, and
we assume no discount factor. The rest of the paper is organized as
follows. Section 2 introduces the problem statement. Section 3 and 4
discuss the two considered system models with and without buffer over-
flow and their analysis. A numerical example is detailed in Section 5
and the paper is concluded in Section 6.

2. Problem Statement

Assume a server software that serves jobs arriving to the system with
slowly degrading performance. The problem is to determine the reju-
venation time interval, if the probability distribution of the interarrival
times and the service times are known. It should be performed to opti-
mize the cost of the rejuvenation, consisting of the costs paid for the
lost jobs that arrived during the rejuvenation and costs paid for the
jobs that were queued waiting for service when rejuvenation started,
since these jobs are lost. We also take into account the run time of the
system, since the same cost paid in case of a longer run is preferred.
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We assume that the customers arrive to the system according to a
Poisson process, and the service time is exponentially distributed. The
degradation of the system is reflected in the decreasing service rate.
Since at the time when we decide to rejuvenate the system the number
of lost jobs due to unavailable service is not known, this value is approx-
imated by the product of the arrival rate (\) and the rejuvenation time
(TR)7 ATg.

In the paper two systems are analyzed, they differ in the applied
queuing policy. The first studied system does not allow buffer over-
flow (we will refer to it as no buffer overflow case) by stopping and
rejuvenating the system when the buffer is full and a new job arrives
to the system. It may be the case when the buffer is supposed to be
large enough to accommodate all the arriving jobs, or when the sys-
tem operator does not want to loose jobs during the system operation.
The second scenario (buffer overflow case) allows buffer overflow during
operation, however the cost caused by the lost jobs must be reflected
in the overall cost function.

Assume the following notation for the rest of the paper:

T variable denoting the time from start
to initiating rejuvenation,
Tr  time it takes to rejuvenate the system (constant),
X random variable denoting the number of clients in the

queue at time 7', i.e. when rejuvenation is initiated,
random variable denoting number of clients denied
service when rejuvenation is in progress,
ie in (T,T + Tgr),

A job arrival rate,

w(t)  time dependent service rate, where tllglo w(t) = phoos

B buffer length.

The optimization problem can be stated as:
find T that minimizes the average cost of the run

mTin{E C(X,T,Y)] }
if \, u(t), Tr, B are given and C(-) denotes the cost function.
3. Optimal Rejuvenation without Buffer Overflow

In the first studied case if the system arrives to a state when the buffer
is full, and a new job arrives, we immediately stop and rejuvenate the
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system, thus buffer overflow is avoided. This is the case when the sys-
tem operator does not want to lose customers (jobs) during normal
operation, in other words the fact that the buffer is full indicates that
it is time to rejuvenate the system. The states of the system in the oper-
ational period can be described by two variables, namely the number
of customers in the system, and the time spent since the last rejuvena-
tion. In each state of the system we have to decide whether to continue
service or to stop and rejuvenate the system.

3.1. MDP SOLUTION

In this approach the time is discretized in A steps, and since the cus-
tomers arrive to the system according to a Poisson process, and the ser-
vice time in a state follows exponential distribution, we have a Markov
decision process, more specifically an optimal stopping problem. Our
goal is to find the optimal stationary policy f, which determines the
action in each state, dependent only on the current state, i.e. to reju-
venate the system or to continue service. The policy is optimal in the
sense that it minimizes the expected cost of the process.
The cost function is defined as follows:

C(i, 5, stop) >0,0<i<B,0<j
C(i, 4, continue) = 0, 0<i< B, 0 <7,

where ¢ denotes the number of customers in the system, and j is the
integer number of A time units denoting the time spent since the last
rejuvenation. At the moment of the decision Y is not explicitly known,
therefore we can use the expectation of it, E[Y] = ATg, since Poisson
arrivals are assumed. We require all the costs to be non-negative.

We define the probability P; ;(a) as the probability of going from
state (,7) to state (k,l) when action a is chosen. In our case the tran-
sition probabilities are defined as follows:

(i)  P..stop,stop(stop) =1,
(it) Poj,j+1(continue) = XA +o0(A)
J =0,
(iti) Py j0,j+1(continue) = 1—AA+0(A)
J =0,

(iv) Pjjit1,j+1(continue) = XA +o0(A)
1<i<B,j=0,

(v)  Piji-1,j+1(continue) = p(j)A +o(A)
1<i<B,j=0,

(vi) Pjijijti1(continue) = 1— A+ u(j))A+o0(A)
1<i<B,j=0,
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where the state (stop,stop) is where the process is finished. All the
other transition probabilities are irrelevant. (i) describes the case when
system rejuvenation is decided. When we decide to continue service,
(13) — (i4i) describe the situation when the buffer is empty. In this case
either a new job arrives to the system, or nothing happens during the
current time slot. (iv) — (vi) stand for the cases when the buffer is not
empty, then in addition to the previous case a job can leave the system
since its service has finished ((v)).

For any policy f we define the expected cost if the process was started
in state (4,7):

o0
Vf(Za]):Ef Zc(iwajWaaw)|i0:iaj0:j ) OSZSBaOSJ

w=0

where (i, ji) denotes the process state in t = wA, and a,, is the action
taken in ¢ = wA according to the policy f.
Let

V(i.j) = nfVy(i.j). 0<i<BO<j.

The policy f* is optimal if
Vi (i,g) =V (i,7), foralli,j: 0<i<B,0<7.

If f is a stationary policy which chooses action according to
B—-1 oo
£0.9) = arg min {CGg.0) + 3 3 Prga@V (D)
@ k=0 =0

0<i<B,0<j (1)

then
Vi(i,j) =V(i,j), 0<i<B,0<j

hence f is optimal (Ross, 1992) (arg min,{F(a)} denotes a value of a
where F'(a) is minimal).

Thus we have formulated the problem as a Markov Decision Process,
for which stationary optimal policy exists, and it is determined by
Equation 1, (Ross, 1992).

Substituting the transition probabilities we can write Equation 1 into
a simpler form:

B-1

f(i,) = arg min{c(z',j, )+ Y B,j,k,jﬂ(a)wk,l)},
@ k=0

0<i<B,0<j.
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The next step is to derive V(i,7), the minimal expected cost in
state (i,7) for all the states. We will define a series of expected cost
functions, {V,, (4, j) }, or look-ahead-n cost functions, that are decreasing
with n for all the states (7,7), and is an upper bound to the minimal
cost function, V. We will also show, that the cost function C is an
upper bound for the difference of the optimal and the look-ahead-n
minimal cost functions, therefore in cases when the cost function tends
to zero with time, the look-ahead cost function series V,, converges to
the minimal cost function V. Bounds are given to the speed of the
convergence. The proof of the above statements will follow the idea of
the proof of Theorem 6.13 in (Ross, 1992).

Let
Voli,§) = Clirjostop) 0<i<B,0<;j
and for n > 0,
B-1
Va(i,7) = min {C(i,j, stop), Z P; j i j+1(continue)V, i (, l)}
k=0
0<i<B,0<j 2)

If we start in state (i,7), Vi, (4,7) is the minimal expected cost if the
process can go at most n stages before stopping. The expected cost
cannot increase if we are allowed to go ahead, thus

The process is said to be stable, if nli)rgo Valiyg) = V(i,5), 0 < i <
B,0<j .
Let us also define Cpq4(j) = max{C(i, 7, stop)}, 0<j.

Theorem 1.

Vn(la])_v(la])éomam(n"i_]) OSiSB,OSj (4)

Proof. Let f be an optimal policy, and let T" denote the random
time at which f stops. Also, let f,, be the policy which chooses the
same actions as f at times 0,1,...,n—1, but which stops at time n (if
it had not previously done so). Then,

V(i,j) = Vi(i,j) = Ef[S|T <n] P{T <n}
+E;[S|T > n]P{T > n},

Vn(la]) < an(ivj) = Ef [S | T< n] P{T < n}
+E;, [S|T >n]P{T >n}
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where S denotes the total cost incurred and everything is understood
to be conditional on 4y = %, jo = j. Thus,

Va(i,g) =V (i) < (By, [S|T >n] = Ef[S|T >n])P{T > n}

<E;[S|T>n],

since Ef[S | T > n] > 0, for all the costs are non-negative, and P{T" >
n} <1
If f,, stops after n stages, then

B, [S|T > n] < Coaa(n + 9).

If f,, stops after k < n stages, it happens, because doing the remaining
n — k steps would be more expensive, i.e.

B, [S|T > n] < Coaa(n + 9).

Summarizing, we can define an optimal policy f based on the mini-
mal cost function V. V is not known, but can be approximated by the
look-ahead cost function series V;,. We will refer to this approximation
procedure as MDP algorithm in the sequel. If the cost function that
gives the cost of stopping in a state converges to zero with time, then
the approximation is stable, and an upper bound is given by Theorem 1
to the speed of the convergence of the cost function series V,.

The defined calculations are relatively simple, the magnitude of
operations is O(nBT/A+n?B) if B is the length of the buffer, T is time
range that is studied, and n is the depth of the analysis (look-ahead-n
is used).

3.2. SIMPLE COST FUNCTION

Let the cost function be the average number of lost jobs per unit time!,
i.e.

b+ \Tr

t+Tg

Since b < B, limy_, o Cpyz(t) = 0, the MDP solution will work
according to Theorem 1. However, for this cost function the optimal
decision can be derived explicitly for a large range of the states, and

C(b, t, stop) =

! Now the time is not discretized, § denotes an arbitrarily small time interval.
This technique is similar to the one called infinitesimal one-stage-lookahead policy
in (Wee, 1990).
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also an upper limit for the depth of the analysis, i.e. a limit ny will be
derived, such that if n > ny then f, = f.

Theorem 2.

1.Ifb > (A — p(t))t — pu(¢)Tr holds for 1 < b < B, then f(b,t) =
continue.

2. Vb,0 < b < B: f(b,0) = continue.

Proof. The condition for continuing the service is

B-1
C(b,t, stop) > Z Pyt k116 (continue)V (k, t + 0).
k=0

Since V' (k,t + 0) < C(k,t + 4, stop), if

B-1
C(b,t, stop) > Z Pyt k146 (continue)C(k,t 4 0, stop). (5)
k=0

holds, then the service should be continued.
Substituting the cost function, we have

e 1<b<HB

b+ ATk _ b+ 1+ Tk
t+Tr — t+Tr+06
Y
1)) —m—mMm——
MLy sy

b+ A\Tr

+ 1=+ M(t))fs)m

*0=0 AT
R

g S 14+ M\Tg
t+TR+(5

t+Tr — t+Tr+9

4 (1= )

Simplifying the results we have:

e 1<b<B
b> (A —p(t)t — )Tk (6)

eb=0
0 > Aot (7)

pappfen.tex; 5/06/1996; 14:22; no v.; p.8



Optimal Renewal Policy for Slowly Degrading Systems 9

According to Theorem 2 in case of a nonempty buffer, we have a
simple rule to decide about the continuation of the service: if (6) holds,
we should continue service. However it doesn’t mean that if (6) does
not hold, we should stop, since in (5) V(b,t) was approximated from
above by C(b,t, stop).

For the case of an empty buffer, we did not get a general simple rule,
(7) holds only for ¢t = 0, i.e. in ¢ = 0 we should continue service. In the
rest of the cases of an empty buffer the MDP algorithm can help.

In case of nonempty buffer, if A < u(t), in other words the service
intensity is not less than the arrival rate, the service should be continued
independently of the number of jobs in the system.

Another interesting result is that if the buffer contains more jobs
than a certain limit at time ¢, the service should be continued - the
more jobs are in the buffer, the more the need is to continue the service.

Theorem 3. If 34;;,,;; such that in ¢;;,,;; the system will be stopped
anyway, then if B < (A — u(t))t — u(t)Tr then f(b,t) = stop Vb: 0 <
b < B.

Proof. Suppose that f(b,t+d) = stop Vb,0 < b < B. The condition
for stopping the service in t is

B-1
C(b,t, stop) < Z Pyt k146 (continue)V (k, t 4 0).
k=0
Since V' (k,t + 0) = C(k,t + 4, stop), if

B-1
C(b,t, stop) < Z Pyt k146 (continue)C(k, t 4 0, stop).
k=0

holds, then the service should be stopped.
Substituting the cost function, we have

e 1<Hh<B
b+ TR _ | b+ 1+\Tr
t+Tr — t+Tgr+6
00T (= O p(0)9)
*0=0 Mi s 14N M
t+Tr — t+Tr+0 t+Tr+6

Simplifying the results we have:
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b< (A= pu(t)t —pt)Tr (8)

eb=0
0 < Aot (9)

Since b < B and (9) holds for all ¢ > 0 the theorem is proven.

The assumption that the system will be stopped once is quite rea-
sonable, e.g. because of hardware maintenance.

Since p(t) is decreasing such that A > p(t) for large ¢, the condition
of the statement will be satisfied as time progresses.

An upper limit has been derived for the time to stop the system.
Together with the result of Theorem 2 it may be enough to define a
policy in practical cases, since we know the optimal decision for ¢ >
% and for t < %, where b is the buffer content at time .
The region where we have no explicit answer for the question of optimal
decision is

b+ u(t)Tr i< B+ pn(t)Tr
A—pt) = 7 A—upu)
If this region is narrow enough, or is not of particular interest, then
there is no need to run the MDP algorithm.

If we want to know the optimal policy in the region where Theo-
rem 2 and Theorem 3 do not help, we have to run the MDP algorithm.
However, we know that if n > ny = ”Q%“ then f, = f, since the opti-
mal decision in ¢ > #;;,,,;+ 18 known, i.e. Theorem 3 reduces the problem
to be a finite time problem. The assumption that the system will be
stopped at a time #j,;; does not imply finite time analysis since its
value is assumed not to be known.

4. Buffer Overflow Case

In this system model we assume that when the buffer is full, and a new
job arrives to the system, the job is lost, but the system does not have
to stop and rejuvenate, however is allowed to do so. For the analysis we
have to introduce another variable to describe the actual system state,
since we have to remember the number of lost jobs.

4.1. MDP SOLUTION

The optimization problem is slightly modified by introducing a new
random variable, L, describing the number of lost jobs at time 7" when
rejuvenation is decided:

pappfen.tex; 5/06/1996; 14:22; no v.; p.10



Optimal Renewal Policy for Slowly Degrading Systems 11

find T' that minimizes the average cost of the run
min {E C(X,T,Y, L) }

if A\, u(t), Tr and B are given.
The cost function is defined as follows:

C(i, j, k, stop) >0,0<:<B,0<5,0<k<y,
C(i, 7, k,continue) = 0, 0 <i< B,0<4,0<k<j,

where ¢ and j are defined as in Section 3, while k£ denotes the number
of lost jobs until time ¢ = jA. The same approximation is used for Y.
We require all the costs to be non-negative.

We define the probability P jkp4r(a) as the probability of going
from state (i, 7, k) to state (p,q,r) when action a is chosen. In our case
the transition probabilities are defined as follows:

(7/) P7~7~7stop,stop7stop(5t0p) =1,
(1)  Poj.k1,j+1,k(continue) = M +0(A)
J20,0<k<y,
(198)  Po,j.k,0,j+1,k(continue) =1-XA+0(A)
J20,0<k <y,
(tv)  Pijrit1,j+1,k(continue) = AA +o0(A)
1<i<B,j>0,0<k<y,
(v)  Pijki-1+1,k(continue) = p(j)A+o(A)
1<i<B,j>0,0<k<yj,
(vi)  Pijk,ij+1,k(continue) =1-A+u@)A+o(A)
1<i<B,j>0,0<k<yj,
(vii) Ppjk,B—1,j+1,k(continue) = p(j)A +o(A)
1 >0,0<k<y,
(viii) Ppjk,B,j+1,k(continue) = 1— A+ pu(4)A+o(A)
J20,0<k<j,
(i)  PB,jk,B,j+1,k+1(continue) = AA +o0(A)
J20,0<k<y,

where the state (stop, stop, stop) is where the process is finished. The
above definitions (i) — (iz) follow the same discipline as in Section 3,
the slight difference is that we have to define probabilities for the case,
when the buffer is full, and service continuation is chosen ((vii) — (iz)).
We define the same functions and policies as in Section 3:

For any policy f,

[o¢]
Vi(i,g. k) = B | Y Cliw, juw, kw, aw) | io = 4,50 = j| »

w=0

0<i<B,0<j50<k<jy
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i.e. the expected cost if the process was started in state (7,7, k). The
process state in ¢ = wA is denoted by (i, juw, kw), and a,, is the action
taken in ¢ = wA according to the policy f.

Let

V(g k) = infVy(i. k), 0<i<B.0<j0<k<j.

The policy f* is optimal if
Vi<(i,5,k) =V (i,5,k), foralli,j,b: 0<i<B,0<7,0<k<y.

If f is a stationary policy which chooses action according to

B—1 o ¢
f(i,j k) = arg min {O(i,j,k,a) 222 Fiikparl@) Vi, q,r>},

p=0 q=0r=0
(10)
where 0 <i < B,0<j,0<k <j, then
Vi(irj k) = V(i j k), 0<i<B,0<j0<k<j

hence f is optimal (Ross, 1992).

Thus we have formulated the problem as a Markov Decision Process,
for which stationary optimal policy exists, and it is determined by
Equation 10, (Ross, 1992).

Substituting the transition probabilities we can write Equation 10 into
a simpler form:

B-1j+1
f(i,j.k) = arg min{C(i,j,k,a> S S Pkpisie(a) Vi, q,r>},
@ p=0 r=0

0<i<B,0<j50<k<jy

(11)
We carry on the same way as in Section 3.
Let
VO(iajvk):C(i’jakaStop)a OSlSBa()S]aOSkSJ,
and for n > 0,

Vﬂ(iaja k) = min{c(ivjakastop)a
B jtl p . . ;
+ Ep:O Er:[] PZ,J,k,p,j+1,T(00nt7’nue) Vn—l (pa q, T)}

where 0 < i < B,0 < 5,0 < k < j. If we start in state (4,4, k),
Va(i, 7, k) is the minimal expected cost if the process can go at most
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n stages before stopping. The expected cost cannot increase if we are
allowed to go ahead, thus

The process is said to be stable, if nlLrgO Valiy g, k) =V (i,5,k), 0 <i <
B,0<j,0<k<j .

Let us also define C,q2(j) = m%x{C(i,j,k,stop)} 0<i:<B,0<y,
)
0<k<j .

Theorem /.

Vi(iy o k) = V(iy o k) < Crnaz(n+j) 0<i<B,0<j0<k<j.

Proof. The same way as in the previous section.

As in the previous section, we can define an optimal policy f based
on the minimal cost function V. V is approximated by the look-ahead
cost function series V;, (MDP algorithm). If the cost function that gives
the cost of stopping in a state converges to zero with time, then the
approximation is stable, and an upper bound is given by Theorem 4 to
the speed of the convergence.

The number of operations is higher now due to the additional vari-
able that makes possible to remember the number of lost jobs:
O(nBT?/A? + n?BT/A + n3B).

4.2. SIMPLE CosT FUNCTION

Let the cost function be again the average number of lost jobs per unit
time,
b+ \XIr+ L

t+ TR

where the time is not discretized. For this cost function 1tlim Caz(t) =
— 00

C(b,t, L, stop) =

)

0 does not hold, so Theorem 4 cannot be applied?.
Similarly to Section 3.2 the optimal decision can be derived for a range
of the states. However, since the number of lost jobs is not bounded from

2 However, if the cost function is modified to

b+ATr+ L

C(b,t, L, stop) = TR

where £ > 0, Chnaz(t) tends to zero with ¢, i.e. the condition of Theorem 4 holds.
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above, an explicit upper limit for the depth of the necessary analysis
cannot be determined. The results contain the r.v. L, the number of lost
jobs, so the final formulas can be used to make in operation decisions,
since then the number of already lost jobs is known.

Theorem 5.

1.Ifb > (A — pu(t))t — p(t)Tr — L holds for 1 < b < B, then f(b,t) =

continue.

2. If L > At then f(0,t) = continue.
Proof. The condition for continuing the service is
B o
C(b,t, L, stop) > Z Z bt Lk t+0, (continue) V (k, t + 0,1).
k=01=0
Since V' (k,t + 6,1) < C(k,t+ 4,1, stop), if

B ~
C(b,t,1, stop) > Z Z bt Lk 40, (continue)C(k, t 4 0,1, stop).
=01=0

holds, then the service should be continued.
Substituting the cost function and simplifying the results we have:

eb=20H
B> (A—p(t)t —pt)Tr — L

e 1<b<B-1
b>(A—p(t)t —pt)Tr — L

eb=0
L >\t

A rule has been derived also for the empty buffer case, however it
is unlikely that it will hold for £ > 0. We can notice that the derived
decision rule for b = B and 1 < b < B cases is the same, and if we
substitute L = 0 to the final results, we get the results of Section 3.2.

Theorem 6. If 34;;,,;; such that in ¢;;,,;; the system will be stopped

anyway, then if B+ L < (A — u(t))t — p(t)Tr then f(b,t) = stop
Vb:0<b<B.
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Proof. Suppose that f(b,t+0) = stop Vb : 0 < b < B. The condition
for stopping the service in ¢ is

B oo

C(b,t, L, stop) > Z Z Pyt 1k +0,0(continue)V (k, t 4 0,1).
k=01[=0

Since V(k,t + 6,1) = C(k,t + 6,1, stop), if

B oo

C(b,t,1, stop) < Z Z Pyt 1 k140, (continue)C(k,t + 0,1, stop)
k=0 1=0

holds, then the service should be continued.
Substituting the cost function and simplifying the results we have:

eb=0~H
B < (A— u(t))t — u(t)Tr — L

e 1 <b<B-1
b< (0 — (b))t — u(t)Tr — (12)

eb=0
L <M\t (13)

Since b < B and (12) implies (13), the theorem is proven.

The assumption that the system will be stopped once is justified
in this case as well, however we can not state that the condition of
this theorem will be fulfilled as time progresses, so the problem is not
reduced to a finite time problem.

Similarly to the previous section’s results, we know the optimal deci-
sion for ¢ > %‘%gm and for ¢t < %, where b is the buffer
content at time ¢, and L is the number of lost customers in (0,¢). We
have no answer for the question of optimal decision when

b—l—L—i—,u(t)TR B+L+u(t)TR
A= pl(t) A= pl(t)

Naturally this theorem can be used to make decisions during operation,
when L is known.

<t

IA

5. Numerical Example

A simple system was analyzed to demonstrate the discussed methods
for the non-overflow case, using the analyzed simple cost function. The
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u(t
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Figure 1. Arrival rate (\) and service rate (u(t)) of the analyzed system

o B N W & OO N © T

0 1 2 3 4 5 6 7 8 9 10 1112 13 14 15 16 17 18 19 20 21 22 23 24 25 t(inAsteps)

Figure 2. Decision map of the analyzed system

buffer length was 8, and the analysis included the first 26 time steps
where A = 0.05 and Tr = 2A (it is not a real application, only an illus-
tration of the analysis). The arrival rate and service rate are illustrated
in Figure 1. In Figure 2 the state space of a system is illustrated, the
small squares refer to the states; the horizontal axis shows the number
of time steps, while the vertical axis the buffer content. If we follow
a sample path of the process, in each time step we move to the next
column of squares. The black area refers to the states where Theo-
rem 2 yields “continue” decision. On the other hand, using the result
of Theorem 3 we can predict the time limit of the “continue” decisions.
Suppose that this limit will be where p(t) = u = 0.5 (see Figure 1):

s BHuTr _ 8400025
=~ A—p  7-05

~ 1.23115 =~ 24.6A,

i.e. we expect no “continue” decision beyond 24A, that is represented
by the thick vertical line. From Theorem 3 and Theorem 2 the uncertain
region is between the black area and the vertical line, the optimal policy
is not predicted for these states.

As we can see the results are verified by the MDP algorithm. The
MDP method has been programmed and run for the above system with
several look-ahead depths. The light grey area (three states) refers to
the states where (in addition to the black area) the MDP algorithm
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with depth 1 yielded “continue” decision, and the dark grey area (two
states) refers to the states where (in addition to the black and light
grey area) the MDP algorithm with depth 3 yielded “continue” deci-
sion. The algorithm was run with look-ahead-25 policy as well, but the
decision map did not differ from the look-ahead-3 map. (We know from
Theorem 3 that there is no point in running the algorithm for higher
depths.)

6. Conclusion

The optimal time to renew a queueing system with slowly decreasing
performance is analyzed in the paper. Two queueing policies are con-
sidered, namely when buffer overflow is allowed or not. The problem is
formulated as a Markov Decision Process, more specifically as an opti-
mal stopping problem. The general algorithm to present the optimal
policy is proved to work if the cost function tends to zero with time.
Additional criteria are derived for the states that can be used to make
the algorithm faster.

The results are demonstrated in a simple numerical example for the
case when buffer overflow is not allowed.
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