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Abstract. In this paper we provide an analysis for fluid polling models
with Markov modulated load and gated discipline. The fluid arrival to
the stations is modulated by a common continuous-time Markov chain.
The fluid is removed at the stations during the service period by a station
dependent constant rate.

We build partly on the methods used previously in the analysis of fluid
vacation models with gated discipline. We establish steady-state rela-
tionships on Laplace transform level regarding the joint distribution of
the fluid levels at the stations and the state of the modulating Markov
chain among different characteristic epochs including start and end of
the service at each station. We derive the steady-state vector Laplace
transform of the fluid levels at the stations at arbitrary epoch and its
mean.

Keywords: queueing theory, fluid model, polling system, gated disci-
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1 Introduction

In fluid queueing models the work arrives on a continuous manner, i.e., fluid
flows into the buffer instead of customer arrivals. Such models can be used as
the limit for the workload in the analysis of regular queueing systems, for example
in Heavy-Traffic (HT) analysis or stability analysis [1], [2].

The Markov modulated fluid queues have been analyzed by several authors
using matrix analytic methods, see, e.g., [3], [4].

The first paper relevant to fluid polling model is the paper from Czerniak and
Yechiali [5]. They analyzed a fluid polling model with constant load and service
rate. The only non-deterministic part of their model is the switchover time.

Fluid vacation models with Markov modulated load have been analyzed in
the subsequent papers [6], [7], [8]. The authors studied the fluid vacation models
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with gated discipline and with exhaustive discipline under negative fluid rate
during service. The analysis of the exhaustive fluid vacation model has been
extended to the case of the non-negative fluid rate during service in [9].

This work is a natural continuation of the above research line on fluid vacation
models in which we extend the analysis of fluid gated vacation model to the
corresponding fluid polling system. The contribution of this work is the extension
of the analysis of fluid gated vacation model with Markov modulated load to the
fluid polling system. However, we build only partly on the methods used in the
analysis of fluid vacation model with gated discipline. We establish steady-state
relationships on Laplace transform (LT) level regarding the joint distribution of
the fluid levels at the stations and the state of the modulating Markov chain
among different characteristic epochs, like start and end of the service at each
station. We derive the steady-state vector LT of the fluid levels at the stations
at arbitrary epoch and its mean.

The rest of the paper is organized as follows. Section 2 gives the description
and the stability criterion of the model. The analysis of the steady-state fluid
levels at characteristic epochs follows in section 3. Section 4 provides the analysis
of the steady-state fluid levels at arbitrary epoch and its mean. .

2 Model and Notation

2.1 Model description

We consider a fluid polling model with Markov modulated load and gated dis-
cipline. The polling system consists of N stations. Each station has an infinite
fluid buffer.

A common continuous-time Markov chain (CTMC) (£2(¢) for ¢ > 0) with
state space 2 = {1,..., L} modulates the arriving fluid flows at the station. The
generator of this background CTMC is denoted by Q. The input fluid rates at
station i are specified by diagonal fluid input rate matrix R;, for i € {1,..., N}.
If the background CTMC is in state j (£2(¢t) = j) then fluid flows into the
buffer of station i at rate r;(j) for j € {1,...,L} and ¢ € {1,...,N}. When
the server visits station ¢ it removes fluid from its fluid buffer at finite rate
d; > 0 for i € {1,...,N}. Consequently, when the server visits station i and
the overall Markov chain is in state j (£2(¢t) = j) then the fluid level of the
buffer of station 7 changes at rate r;(j) — d; otherwise it changes at rate r;(j)
due to the lack of service. The length of the server’s visit at station ¢ in the
polling model is determined by the service discipline applied at that station. In
this work we consider the gated discipline. Under gated discipline only the fluid
is removed during the server visit at station i, which is present at the station
already upon the server arrival. The cycle time (or simple cycle) is the time
between two consecutive visits of the server to the same station. In this paper,
if not stated otherwise then we understand the station index i as mod(N), i.e.
whenever it reaches N it continues by 1. The switchover time from station i to the
next station in the consecutive cycles is independent and identically distributed
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(i.i.d.). The probability distribution function (pdf) of the switchover time from
station ¢, the corresponding Laplace transform (LT) and mean is denoted by
o;(t) and o (s), o;, respectively. We consider non-zero switchover-times model,
and we use the notation o = Zi\il o;. We set the following assumptions on the
fluid polling model:

— A.1 The generator matrix Q of the modulating CTMC is irreducible.
— A.2 The fluid rates r;(j) are positive and finite, i.e. 7;(j > 0 for j €
{1,...,L}andie{1,...,N}.

Remark 1. The case of independent fluid inputs is also included by the approach
with one common modulating CTMC as special case. In that case Q = @ij\ilQi
and R; = (@) @ R; @ (2}, 11), where Q, and R, denote the independent
generator and the fluid input rate matrix of station 4, for ¢ € {1,..., N}, and ®
and & denote the Kronecker product and Kronecker sum operations, respectively.

Let 7 be the stationary probability vector of the modulating Markov chain.
Due to assumption A.1, 7Q = 0 and me = 1 uniquely determine 7, where e is
the L x 1 unit column vector. The stationary fluid flow rate and the utilization

at station 4, A; and p;, respectively, can be given for i € {1,..., N} as
Ai
A = mR;e and p; = R (1)
i

and the total utilization is

PZZM- (2)

The arrival instant of the server to station ¢ is called i-polling epoch. Similarly,
the time instant when the server departs from station i is called i-departure
epoch.

For the j,! element of the matrix Z the notation Z;; is used. Further-
more, [z;|; denote the j-th element of vector z;. When there is a set of ran-
dom variables characterized by one (two) parameters, e.g., Y,, (Y% ), then the
n (k,n) element of its vector (matrix) LT is E(e*¥») (E(e~*Y#n)). When
X*(v), Re(v) > 0 is a matrix LT, X*) denotes its k-th (k > 1) moment, i.e.,
X*) = (—1)kj—;€X*(v)|y:0 and X denotes its value at s = 0, i.e., X = X*(0).
Similarly when x*(v), Re(v) < 0 is a vector LT, x(*) denotes its k-th (k > 1)
moment, i.e., x*) = (—1)k%X*(v)|U:0 and x denotes its value at s = 0, i.e.,
x = x*(0).

2.2 Stability

We apply a workload argument to get a necessary condition of the stability. The
amount of work flowing to station ¢ during a time unit is equal to its utilization,
pi- The necessary condition of the stability is that the total amount of work
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flowing to all stations during a time unit must be less than the work-amount of
that time unit, which is 1. Therefore the necessary condition of the stability is
given as

p <1l (3)

Remark 2. If the system would limit the work which could be done on average,
i.e., when less then 1 work-amount could be done during a time unit, then
further restrictions were needed for the sufficiency. However, the gated discipline
is ”unlimited”, since it does not set any load-independent limit on the work-
amount, which could be performed during a service period. Therefore the above
necessary condition is also a sufficient one for the stability of the system.

3 The steady-state fluid levels at polling epochs

3.1 Transient analysis of the accumulated fluid

In this section, we consider the joint distribution of the accumulated amount of
fluid entering into the individual stations during time ¢ > 0. We derive the joint
LT of the accumulated fluid levels flowed into the stations and the state of the
common modulated Markov chain as a function of time.

Let Y;(t) € R denote the accumulated amount of fluid entering into station
i until time ¢ for ¢ € {1,..., N}. Using the notation § = (y1,...,yn) let the
transition density matrix A(t,y) be composed by its elements A, x(t,7) as

Arln =
Pr(2(t) = k,Yi(t) < y1, ... Yn(t) < yn|2(0) = j, ¥1(0) = ... = Yn(0) = 0).

The fluid level is zero at each station ¢ at ¢ = 0 (Y;(0) = 0) with probability 1.
Hence the transition density matrix for ¢ = 0 is given as

A0, 91, yn) =6(y1)---S(yn)L, (4)

where §(y) denotes the unit impulse function at y=0, whose LT is 1. Furthermore
the accumulated amount of fluids are greater than zero for ¢ > 0 at every stations
(Yi(t) > 0, for i € {1,...,N}) due to assumption A.2. It follows that

A(taylv'~~,yi71707yi+17'~'ayN):07 t>07i€{17"'7N}7 (5)

where 0 denotes the L x L zero matrix. We also use the notation v = (v1,...,vn)
and we define several LTs of matrix A(¢, %) as

A*(s,9) = A(t,yi,...,yn)e dt,
t=0

o0 oo
AN*(t,7) :/ / A(t,yr,...,yn)e W L eTONYN dyn . dy,
y1=0 yn=0

o0 oo
A(N'H)*(sj)) = / / A*(s,y1,...,yn)e W Lem VYN dyn L. dys,
y1=0 yn=0
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and
A(N)*(S Viyeooy Uiz 1,0 Vi1 - ’UN)_
/ / / : / A(S Yty Yi— 1a0y1+1 )
y1= 0 Yi—1=0 Jy;41= 0 yn=0
—Ulyl . —Uz 1Yi—1 —vz+1yq+1 . e—UNZ/N dyN dszrldyz 1. dyl’

where the coefficients of * in the superscript of matrix A denotes the number of
LTs.

Proposition 1. In the fluid polling model the joint matrix LT of the accumu-
lated amount of fluid entering in interval (0,t] can be expressed as

AM*(t,5) = e HEL Rivi-Q) (6)

Proof. The Markov process {£2(t), Y1(t), ..., Yn(t)} describes a homogenous first
order fluid model. Its transient behavior can be characterized by forward Kol-
mogorov equations as

0

atA( 9+

0 0

and with initial conditions (4) and (5). Taking the LT of (7) with respect to ¢
yields

0 0
A*(s,5)s— A(0,7) + =—A*(s,7)R1+ ...+ —A*(s,5) Ry = A*(5,7)Q.(8)
5 Y1 ayN

Now taking the LT of (8) with respect to y1,...,yn we have
AN (5 5)s — AN*(0,7)
+ (A(N+1)*(s,17)v1 — AM*(5,0,v,,... 7UN)) R:+...
+ (A(N+1)*(S,17)1)N — A(N)*(s, V1, UN_1, 0)) Ry
= AN+ (5 5)Q. (9)
Applying (4) and (5) in (9) gives

AN (5. 5)s =T+ AT (5, 5)Ryvy + ... + ATV (5, 0)Ryuy
— AV (5 3)Q. (10)

After rearranging (10) we get
AN (5 5) = (Is + Ryvy + ... + Ryoy — Q). (11)

Taking the inverse Laplace transform of (11) with respect to s results in the
statement of the proposition.
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3.2 The governing equations of the system at polling and departure
epochs

Let X;(t) € RT denote the actual level of the fluid buffer at station i at time
t for i € {1,...,N}. Let tif(ﬁ) be the time of the i-polling epoch in the ¢-th
cycle for £ > 1 and i = {1,..., N}. We use the notation & = (z1,...,zy). We
define the joint densities of the fluid levels at the stations and the state of the
modulating Markov chain at the i-polling epoch in the ¢-th cycle, for £ > 1 and
i=1{1,...,N}, the 1 x L vector f;(¢,Z) by its elements as

_0 9
_(9ZL'1.“(()"£ZZN

Pr(2(tf(0)) = 4, X1t (0)) < 21,... Xn (] (0)) < zn), j € Q.

[fi (67 "E)]J

The steady-state counterpart of the vector f;(¢, Z) is defined as

fl(i‘) lim fi(é, .f‘),

o l—00

and its LT is given as

fi(N)*(T)) :/ / f;(Z)e ¥ LeT NN L. day.
x1=0 xn=0

Analogously let t7*(¢) be the time of the i-departure epoch in the ¢-th cycle
for £ > 1 and i = {1,..., N}. We define the joint densities of the fluid levels at
the stations and the state of the modulating Markov chain at the i-departure
epoch in the ¢-th cycle, for £ > 1 and ¢ = {1,..., N}, the 1 x L vector m;(¢, %)
by its elements as

0 0

= 5o Bam
Pr(Q@t™(0) = j, Xo(t7(0)) < a1, ... Xn(E"(0)) < zx), j € £2.

[mi(& j)]]

The steady-state joint densities of the fluid levels at the stations and the state
of the modulating Markov chain at the i-departure epoch are defined as
m;(z) = lim m;(¢, T),
£— 00

and its LT is given as

N oo oo
ml(- )*(17) = / / m;(ZT)e 1" L eT NIy L da.
x1=0 xn=0

We define a notation for substituting the multivariate L x L matrix function
H(v) into the defining integral of the LT fi(N)*(T)) as

£ (o1, v, (D), 041, o) = (12)

oo o0
/ . / fi(z)e V™, e Vi1 HOW pmvin@in | omvNIN g
x1=0 xnN=0
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Theorem 1. The governing equations of the stable fluid polling model with gated
discipline in terms of the steady-state joint vector LTs of the fluid levels at the
stations at the i-polling and i-departure epochs for i € {1,..., N} are given as

— for the transition f; — m;

N
* = Rz i
m™M*(5) = £V (v, iz Rivi—Q

S Vi—1, d ,Ui+1,...,UN), (13)
T

— and for the transition m; — £; 4

N)* N *
f1(+1) ( ) ( ) ZRZUZ . (14)

Proof. Due to the gated service discipline the fluid level at station i at i-

departure epoch equals the level of the fluid arriving during the service duration

of station i. The fluid level at stations j # ¢ at i-departure epoch is the sum of

the fluid level at the previous i-polling epoch and the fluid arrived in between. If

the ﬂu1d level at station ¢ at i-polling epoch equals & > 0 then service duration
5 due to the gated discipline. Accordingly we can express [m;(Z)]y as

Tit1 TN
mz k B / / / / o /
Y1 = 0 Yi—1=0 Jy;41=0 yn=0

[fz‘(m — YLy s Tie1 — Y1, Titl — Yigls -+ TN — yN)]j
&
Ajk(jvyla-~-7yi—1a$iayi+17~-~ayN)dyN--~dyz’+1dyi—1-~-dyld£i~
T

Changing to vector and matrix notation results in

i+1
= [ o
51—0 yl—() Yi— 1—() Yi41=— 0 =0

fi(x1 —y1, . i1 — Yim1,&0, Tig1 — Yit1s- - TN — UN)

(fil_’yl, Vi1 Ty Yi 1o - YN)AYN - dYirdyioy - dyid.

Using the convolution property of the LT, the LT of m;(Z) with respect to &
can be given as

Z(»N)*(ﬁ) = / fi(Nil)*(Ul, ey Vi1, §i7 Ui+1, e ,’UN)A(N)*(%, @)dfl (15)

Applying (6) in (15) yields
()=, (N1 —5 (2N, Rivi-Q)
m,; () = f; (V1,0 301, &, Vi1, - ., UN )€ T3 \oi=1 dég;.(16)
£=0

The first statement of the theorem comes by observing that the right hand side
of (16) is an LT with respect to & and applying the notation (12).
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The fluid level at any station j at i + 1-polling epoch is the sum of the
fluid level at the previous i-departure epoch and the fluid arrived in between.
Therefore we have

[fiv1(z k—Z/ / / [mi(z1 —y1,..., a8 —yn)l;
y1= 0

Ajr(t,yr, ..., yn)oi(t)dyn ... dydt. (17)

Changing (17) to matrix notation and using the convolution property of LT we
get

g / m ™ (5) A" (1, B)ors (1) . (18)

Applying (6) in (18) and rearrangement leads to
(oo}
()@ = m{™ (@) [ SR (19)
t=0

The second statement of the theorem comes by observing that on the r.h.s. of
(19) there is an LT with respect to t. O

3.3 The steady-state vector moments of the fluid levels at polling
epochs

Corollary 1. The relation for the transition f; — f;11, fori € {1,...,N} in
the stable fluid polling model with gated discipline are given as

N
* * i= Rivi - Q
fz(qILVl) (’U) = fZ(N) (Ul,...,vi,l, Z’_lT,’UiJrh..., Zszz ,
(20)
Proof. The corollary comes by applying (13) in (14). O
We define the joint moments of the fluid levels at the stations as
gUrdw) (S O 0
g ot oIyt ’ ’
1 N v1=-=vN=0
Furthermore, we define the following quantities
, , N k
F N (_1)Eﬁ=1jml 8J1, aJ}.V Q—> .o, Ry
F kU ovlt vl d; .
V= =UN=
G i) N . o HIN N
glnin) - (_1)Zm:1 gm 2 Uf(z R,v; —
8,0./1 8,0]N 4
1 N i=1 'U1:---:’UN:0
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Corollary 2. The joint moments of the fluid levels at the stations can be deter-
mined from the following approzimate system of linear equations

£y =y < o > 3 < N >

JiattiLs=i1 J1,1,71,2,J1,3 N+ INa=iN JN,1,JN,2,JN,3

K—jia

(J1,15sdim1,150i, 1K Jit1,150000N,1) gy (d1,2,--00N,2) (jl,S;nij,B{
E , f; Hj; g 21)
k=0

where ji,...,jy =0,...K andi € {1,...,N}.

Proof. Taking (_1)2%:1%% 2N on (20) and setting v; = -+ = vy = 0
vy vV
gives

) J1 HIN 00

(Gmrdn) _ N_ gm0 (N—1)x

fz+11 (*1)2”“” ﬁ"'avm f; (V15 Vie1, Yis Vig1s - -+, UN)
1 N Jyi=0

N
_ .ZL 1RL“1_Q %
e dy; o] (ZRM— (22)
‘ v1=-=vN=0
Rearranging (22) leads to
. . VA
gUL0IN) () Emeiim / (V1o Vi1 Yis Vig 1y - s UN
i+1 ( 1) (911{1 30%\7 o i Yi, Ui+ )
=y [Q R;v;
st (Z; = ) D
k=0 " ‘ i=1 = =yy=
vi=---=vN=0
()T O Z ’“a £ (01, o)
6’1}{1 av%\f P 8@’“ i 1 )
1 (Q-YY R
— = R;
B(EERE) ame
vy=-=vN=0
_ Z ( J1 ) Z ( JN )
Fratedaie=j MLLJIL2 I3/ L T i INLIN2, N3
oo
Zfi(j1,17---7j1:71,17j1:,1+k’7ji+1‘1,mvjN,l)H}(€j1,27~~-7jN,2)Ul(j1,37---7jN,3)' (23)
k=0

The statement of the corollary comes by applying a truncation at K in the order

of the moments. ad
The truncation applied in corollary 2 assumes that all the moments fi(j LenIN ),
in which j,, > K at least for one m = 1,..., N, can be neglected. The number

of unknowns and the number of equations in the system of linear equation (21)
is N(K + 1)V
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4 The steady-state fluid levels at arbitrary epoch

4.1 Equilibrium relationships

Let s;(¢) the service time at station ¢ in the ¢-th cycle. The steady-state service
time at station 7 and its mean is defined as
ko~
= 2= Si(0) .
=] Lt=1 "t\"/ =] Zloa=1 AL
A -
respectively. Similarly let ¢;(¢) the cycle time between two consecutive visit to
station 7 in the ¢-th cycle. The steady state cycle time at station i, and its mean
is defined as
k  ~ kE ~
~ _ G ED ,_ ¢
¢ = lim Zl—l 'L( ) and ¢ = lim [Zf_l 74( )]

k— o0 k k—o0 k ’

respectively. It follows from the definitions of ¢; and s; that
N
Ci:U-I-ZSj, and hence c¢=¢;, i€{l,...,N}. (24)
j=1

Let A;(t) be the accumulated fluid flowed into the buffer of station ¢ in
interval (0, ¢]. The steady state mean amount of fluid, which flows into the buffer
of station ¢ during one cycle, a;, is defined as

o i B At (44 1) — At (0))]
’ k—o0 k ’

The right hand side of this definition can be rearranged as

f B A+ 1) = e[ (0)] | B[, @ ()]
koo B[ ()] ke k

and thus we get
a; = A\c, iE{l,...,N}. (25)

Corollary 3. In the stable fluid non-zero switchover-times polling model the
steady-state mean cycle time can be expressed as
o

Czl—p

. (26)

Proof. We apply a classical statistical equilibrium argumenting, see e.g. in [10].
The stable model is in statistical equilibrium, which implies that the mean
amount of fluid flowing into the buffer of station 7 during a cycle equals the
mean amount of fluid removed at station ¢ during the same cycle, which equals
s;d;. Putting them together yields

a; = Sldz (27)
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Applying (25) in (27) and expressing s; from it leads to
S; = —C. (28)

Applying (28) in (24) and changing to the notation of utilizations results in

N
ci=o0+ ijc. (29)
j=1

Rearranging (29) gives the statement. O

Remark 3. The relations (24), (25) and (26) are valid independently of the used
service discipline and hence they have more general validity scope.

4.2 The steady-state moments of the service time at station ¢

The steady state pdf of the service time at station 4, s;(t), and the corresponding
LT, sf(v), for t > 0 are defined as

d E[Y5 1, >0
si(t) = lim — i (s’“)q)], and s} (v) :/ si(t)e *tdt,
k—o0 dt ]f t=0

where 1(con) denotes the indicator of condition ”con”.
Let f;(x;) and £ (v) stand for steady-state vector density of the fluid level at
station ¢ at i-polling epoch and its LT, respectively. They can be obtained from
_ (N)*
f;(z) and ;77 () as

121:0 Ii71:O I'H»l:O QZN:O

£ (v) = £ (0)

?

’U1:...:U171:’L)i+1:...:1)1\7:0}1)i:’u

Theorem 2. In the stable fluid non-zero switchover-times polling model with
gated discipline the steady-state LT of the service time at station i can be ex-
pressed as

siw) = (2)e, ie{l,...,N}. (30)

Proof. If the fluid level at station ¢ is x; at i-polling epoch then the service time
at station 4 is 7t. Therefore the steady-state LT of the service time at station ¢
can be obtained as

sH(v) = / £i(zi)e "7 dase, (31)

i=0

which can be rearranged as (30). O
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Corollary 4. In the stable fluid non-zero switchover-times polling model with
gated discipline the steady-state moments of the service time at station i are
given as

k>1, ie{l,...,N}. (32)

Proof. Taking the k-th derivative of (30) with respect to v at v = 0 and multi-
plying it by (—1)* results in the statement. O

4.3 The steady-state joint vector LT of the fluid levels at the
stations at arbitrary epoch

The steady-state joint density of the fluid levels at the stations and the state of
the modulating Markov chain at an arbitrary epoch, the 1 x L row vector q(Z)
is defined by its j-th element as

_ 0 0 iy .
[a(@)]; = tlggoa—xl %Pr(ﬁ(t) =75,X1(t) <z1,...Xn({) <zN), JE L,

and its LT with respect to T can be given as

N)* () :/ / q(Z)e 1T LeT NENd N L day.
xz1=0 xn=0

Moreover, let €; = (0,...,0,1,0,...,0) be the 1 x L vector with 1 at the j-th
position. Then the 1 x L indicator vector 1)) is defined as

Lo Z Liaw=j)e;)-

We use the following notation

(N—1)x
f; (V155 Vie1, iy Vig 1,5+, UN .-
1= 0 Ti—1— 0 Ti41—= O :ENZO

fi(z) e7 1P LLeT VimFinleTVitITidlL | oTUNEN N dxdai—g L. dx .

Theorem 3. In the stable fluid non-zero switchover-times polling model with
gated discipline the following relation holds for the steady-state joint vector LT
of the fluid levels at the stations at arbitrary epoch:

q ™ (o) ZR v—-Q| = (33)

N
- {dﬂ% <fi(N)*(’l_)) - mz(‘N)*(@D Z Rjvj + (Ri —diI)v; — Q

c
i=1 ji
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Proof. The fluid levels at the stations at arbitrary epoch can be expressed by
the help of the fluid levels at the last i-polling epoch on LT level by utilizing
the transient behavior of the arrived fluid (relation (6)) and taking into account
that it can fall either in service or switchover period as well as its position in the
actual period. Thus it is enough to average over a polling cycle for determining
the behavior at arbitrary epoch.

Therefore q(V)* (%) is given by

E] tilo e Sl Xy 1(Q(t))dt]
Elci]
3 _ SN ) . g, SN . B

N Bl Ry e 2 O g dt] + 350 B e i DO Liowpdt]

t=

q(N)*(@) — (34)

c

The fluid level at time ¢ at station ¢ in the service time of station i is the
sum of the remaining fluid level, £ — td;, and the fluid level arrived during ¢. The
fluid level at time ¢ at other stations, i.e., j # i in the service time of station 7 is
the sum of the fluid level at the begin of the service time and the fluid amount
arrived during t.

Taking into account the state change of the modulating CTMC from 0 to ¢
the LT term E[[” e~ 51 X5 (t)v; 1(o())dt] can be given as

| / e TN X501 g ] (35)
t=0
€
> d;
= / e_(g_tdi)“ifi(Nfl)*(vh ce s Vim1,6, Vi1, - -, UN) A(N)*(t7 v)dtdg
£=0 t=0
€

o0 dj
— / e N T (0o, o, ,UN)/ ethivi ACN* (¢, 5)dtde.
£=0 t=0

Applying (6) in (35) and rearrangement gives

gi o0
N (v, _¢v, —1)*
E[/ eizjzlxj(t) Jl(g(t))dt] :/ et lfi(N b (1)1,...,1)2‘,175,’Ui+1,...7’l)1v)
=0 £=0
£
/dq, eit(zjii ijj+(Ri7diI)vi7Q)dtd£' (36)
t=0

The internal integral can be evaluated by means of a relation, which can be
obtained by the help of the Taylor-expansion of %, and is given by

/ A (37)
t=0



14 Zsolt Saffer, Miklés Telek, and Gabor Horvéath

Applying (37) in (36) and rearrangement yields

E[/ e 01 X (), 1(Q(t))dt] Z Rjv; + R; —diD)v;, — Q (38)
=0 i#i
:/ eigvifi(N_l)*('Ul,...,'UZ',1,€7UZ'+1,...,’UN)
£=0
(1- S mana) g

Rearrangement and applying (13) in (38) leads to

E[/ . e 00 X5 () 1(Q(t))dt] Z Rjv; + R; —diD)v;, — Q (39)
t=

J#i
N
* —1 Rivi —
f(N) (v) — f(N) <U17~-'7vifl,w7vi+l7“-aUN)
= £ (@) ~m{""(@).
Further rearranging of (39) yields
E[/ 727 1X(tv]1(9t) dt ZRUJ (40)
t=0

Si

:fi(N)*( ) — m(N)*( )+ div; E [/ e*Z;‘V:lXf(t)”-fl(g(t))dt}.
t=0

Now we consider the term E[[ e~ 255 X (v 1(o))dt]. The fluid level at time
t at station j, j € {1,..., N}, in the switchover time after the service of station
1 is the sum of the fluid level at station j at start of the switchover time, and
the fluid level arrived during ¢. Taking into account the state change of the

. i =N X;(t)v;
modulating CTMC from 0 to ¢ the LT term E[[,_ e™ 2i=1 73V 1 o)) dt] can
be given as

E| /ti e T XiWuig 0 dt] = mN7 (9) / N 0A<N>*(t,a)dt o(7) dr.(41)

0

Applying (6) in (41) yields

E[/ o™ B K0 gy ]

= mz('N)*(T/)/ / et Rivi—Q) gy o(r) dr. (42)
7=0 Jt=0
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We apply again (37), now in (42), which gives

E[/ e~ it X (t)"’1 ydt ZR v — = (43)
t=0

mz(N)*(@) /°° (I—eiT(Zé‘vﬂRa‘vrQ)) o(7) dr.

Rearrangmg (42) and applying (14) in it gives the relation for
E[ _Zj 1 ](t)le(Q(t))dt] as

t—

E[/ LT (t)vfl ) dt] R;v, (44)
- Z i

(N)* @) [I-0o] ZR v; — = mz(-N)*(T;) - fi(frvl)*(ﬁ).
Using (40) and (44) in (34) and rearranging gives

N
(N)* ZRJUJ Q

=1

R

1
c

P t=0

( (fi(N)*(v) —m{"* (@) + div B / e Tim Xt 1(Q(t))dt]>
i=1
)

M=

+ 3 (0 -1 0) )
i=1
1< S o
-z Z di'UiE[/ o= 2it1 X5 (Wv; (o dt]. (45)
€= =0
The statement of the theorem comes by applying (39) in (45). O

Let q} (v) denote the steady-state vector LT of the fluid level at station i at
arbitrary epoch. qf (v) can be obtained as

q;(v) = q"V* (0)

Let m;(z;) and m}(v) stand for steady-state vector density of the fluid level
at station ¢ at i-departure epoch and its LT, respectively. They can be obtained

V1=...=V;_1=Vif1=...=vN=0,v;=v

from m;(z) and m; N)*(’L_J) as

e} o} e} o)
ml(xl) :/ / / / ml(;E) dl’Ndiferld.’tZ,ldxh
121:0 $7;71:0 Ii+1:0 QZNZO

m} (v) = m{"""(7)

V1=...=0j_1=Vif1=...=vN=0,0;=v
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Corollary 5. In the stable fluid non-zero switchover-times polling model with
gated discipline the following relation holds for the steady-state vector LT of the
fluid level at station i at arbitrary epoch:

* 1 * *
q; (v) (Riv = Q) (Ri — diI) v = Q) = —diw (£ (v) — mj(v)). (46)
Proof. The statement comes by setting v1 = ... = v;1 = Vj41 = ... = vy =
0,v; = v in (33). O

Remark 4. The relation (46) holds also for fluid vacation model with gated
discipline (see (61) in [6]).
Corollary 6. In the stable fluid non-zero switchover-times polling model with

gated discipline the steady-state vector mean of the fluid level at station i at
arbitrary epoch can be determined as

 _ 1 3) 4
q; 6)\¢(Ai—di)r e (47)

I S C) N O R S N
2()\i_di)r y <I ()\i—di)eﬂ-(Rl dll))

x (Q+em) ' (R — dil)erw

_ 1 (2) —1 RieTr _
720\2__6[1_)1‘ emw (Q +em) ( N I

0 (Qrem™ ((Ai =y

(Ri — d;T)er — 1)

x (ﬁ(f{z —dI)(Q+en) ' (R; — dil)er

HQem ™ (T 1)

1

+7R; (Q+em) ! (R;\P_'ﬂ - I) .

where ¢ is given by (26) and rM, r® and £ are given by

d,

1) — g

)]

k@ = 20 o)
C

@ = 34 @),
C

Proof. The proof of the statement can be found in [6] (proof of Corollary 6). O
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